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LCART: Lightweight Congestion Aware Reliable Transport Protocol for

WSN Targeting Heterogeneous Tra�c

Atif Sharif, Vidyasagar M. Potdar and A.J.D. Rathnayaka

DEBII, Curtin University of Technology, Perth, WA
{a.sharif, v.potdar, a.rathnayaka}@curtin.edu.au

wsn.debii.curtin.edu.au

Abstract. This paper presents energy e�cient transport layer protocol for heterogeneous WSN, named as
LCART. LCART fuses the prevalent or reciprocal functionalities of Transport, MAC and Wireless-Physical
layers in order to achieve energy e�ciency and meeting QoS objectives of heterogeneous WSN. LCART in-
telligently provide congestion control by the simultaneous use of Packet Service Time (TPST), Packet Inter
Arrival Time (TPIAT), Bu�er Occupancy Level (mi) and Channel Loading Threshold limits (λThreshold) con-
straints to formalize new source rate plan for avoiding congestion. LCART achieves packet level reliability by
using explicit NACK and β parameter entirely being governed by the nature of the tra�c. LCART has been
tested for 24 mote ad-hoc topology and results reveal that it exhibit highest good throughput of 0.3112 Mbps,
< 80msec and < 130 msec average End-to-End (E-2-E) packet latency for high and low prioritized packet
information, 1.014% average percentage packet drop and overall exhibits energy e�cient behavior (lowest per
packet communication cost) in comparison to TCP-Westwood+ (TCP-WW+), TCPWestwood (TCP-WW),
TCPNewReno and TCPReno.

Keywords. Performance, Design, Reliability, WSN, Transport Protocol, Cross-layer, IEEE802.11, MAC/Wireless-
Physical, QoS, Latency

1 Introduction

The concept of using WSN for heterogeneous application scenarios1 by just simple recon�guration of the WSN
motes has attracted the intention of the research community recently. This enables the WSN to address variety
of applications ranging from environmental monitoring (scalar by nature) to military (scalar as well multimedia
by nature) by involving multiple disciplines of control, signal processing and embedded computing[12,8,13,9]. The
transport layer for heterogeneous WSN has gained fundamental importance for ensuring the data reliability and
congestion control feature[4] of the design [12,8]. In WSN, the transport layer protocol is responsible for reliably
communicating the sensed information form source mote to sink [8,11]. Presently the transport layer protocols are
designed either by targeting the protocol e�ciency or to address the range of application scenarios[9,11] where the
protocol e�ciency is comprised. Keeping this fact in mind, the researchers recently has come up with a new dimension
of hybrid transport layer protocol designing also called as �Cross-layering� [6] which inherent the �avors of energy
e�ciency and addressing the range of application scenarios. Majority of the transport protocols for heterogeneous
WSN like RT2[3], RCRT[7], CTCP[1], FLUSH[5], DST[2] etc provides packet level reliability in upstream direction
and uses ACK, SACK and NACK for ensuring reliability. These protocols also use TPST, TPIAT,mi and λThreshold
in discrete isolated fashion, not simultaneous, for explicit or implicit congestion noti�cation within WSN. Except
RT2, which cross-layered the Transport layer functionality with the Routing layer, rest all does not utilize this
approach for gaining network e�ciency while complying with the stringent QoS objectives speci�c to heterogeneous
WSN in an energy e�cient manner. We have observed the dependency of transport layer over underlying MAC
and Wireless-physical layers[10] and based on this we are envisaging a cross-layered approach for transport protocol
named as `LCART' which is energy e�cient and addressing the range of application scenarios. The rest of the paper
is organized as following. After the introduction the proposed transport layer protocol scheme LCART is described
in Section 2 followed by Section 3 which describes the simulation setup and results. The discussion followed by the
conclusions will be presented in the last section 4.

2 PROPOSED TRANSPORT PROTOCOL: LCART

The concept of proposed LCART for heterogeneous WSN is shown in the Fig. 1. The LCART is comprised of
Congestion Control, Packet Reliability and Data prioritization modules for heterogeneous application support.

1 throughout the paper this term represent the mixed tra�c scenario including the multimedia information �ow e.g. audio
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LCART looks after the system throughput, motes energy budget, E-2-E data packet latency and data packet drop
by having two control loops running concurrently. E-2-E sink enabled feedback control loop monitors the E-2-E data
packet latency and the control loop triggers the source motes to readjust their transmission rates thereby minimizing
the number of data packets actually su�ering from an unwanted queue delay caused by congestion. Whereas the
Local Intermediate bu�er mote enabled feedback loop monitors the TPIAT, TPST, channel conditions in its vicinity
and local `mi'. It informs sink mote about these statistics which is helpful in computing the new source rate plan
according to the monitored statistics. This e�ciently exploits the network resources while minimizing the inter-hop
packet delay and its drop caused by collisions, bad channel conditions and congestion. Other than this it is also
responsible for the rapid data packet retrieval, in an H-b-H fashion, during the events of data packet loss caused
by either condition discussed above. The detailed explanation of the proposed scheme is outlined in the following
subsections below:

Fig. 1: The Cross-layered Approach Fig. 2: Mote scenario separated by `dint' Fig. 3: Di�erent levels of congestion

2.1 Congestion Control

The purpose of this module is to e�ectively control the congestion in order to minimize the packet drop due to
congestion and to achieve optimum system throughput. When the network starts for the �rst time LCART computes
the initial sending rate plan for di�erent sources with the help of 3 control packets transmitted in upstream towards
sink. After knowing TPST, TPIAT values (as it dictates the time gap between the successive packet transmissions)
and the channel threshold limit `λThreshold' the sink computes the initial source transmission rate `x0' in terms of
packets per second (pps) and is given by

x0 = min(TPST , TPIAT , λThreshold) (1)

Load Threshold limit Computing Load threshold limit in terms of bits per second (bps) at any mote would be
essential for avoiding the congestion to happen within network. Consider the scenario as shown in Fig. 2 with two
motes `i' and `j' separated by `dint' distance a part from each other with `n' neighboring motes to mote `j'. Assume
the load being generated by source mote `j' is `λjj ', packet size is in bytes and source transmission rate is in `pps'
then λjj would be:

λjj =
rate in pps ∗512∗8

106 (Mbps) (2)
For the mote `j' if it is sensing and relaying child mote's load, then the total e�ective load shared by it is:
λej = λjj +

∑
λkj ∀ kεH (3)

where H is the set of child motes and `λej ' is the e�ective load shared by a mote with sensing feature, the
e�ective load for the case of relay mote having no sensing feature is given by:

λ
′

ej =
∑
λkj ∀ kεH (4)

Now let us de�ne `p' as the probability of successful delivery of data packets to the next possible hop, and `q' as
probability of failure (q = 1− p). So the data packets passed to mote `i' by mote `j' will be p.λej i.e.

λji = p.(λej = λjj +
∑
λkj ∀ kεH) (5)

So the time taken by a mote `j' to transfer `λej ' to mote `i' is simply 1/p, so the associated delay due to channel
accessing is Tch = 1

p . This gives the number of channel slots required to send the entire data from mote `j' to mote
`i'. If `Tpkt' is de�ned as the one operating cycle then ρ.Tpkt will be termed as the mote's operating duty period,
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the time for which a mote is in active condition (during Tx, Rx and idle listening). So the mote's OFF time `TOFF '
is given by:

TOFF = (1− ρ).Tpkt (6)
So for mote `j' with transmission error `ej ' and `λej ' being an e�ective load the transmission would be:
Ttx = (1 + ej)(p.(λej = λjj +

∑
λkj ∀ kεH)) ∗ Tpkt (7)

Trx = (
∑
λkj ∀ kεH) ∗ Tpkt (8)

and so the idle listening is
TΛ = ρ.Tpkt − (Trx + Ttx) (9)

TΛ = [ρ− [(
∑
λkj ∀ kεH) + (1 + ej)(p.(λjj +

∑
λkj ∀ kεH))] ∗ Tpkt] (10)

So the TOFF will be:
TOFF = Tpkt − (Trx + Ttx + TΛ) (11)

TOFF = Tpkt − ((
∑
λkj ∀ kεH) ∗ Tpkt + (1 + ej)(p.(λjj +

∑
λkj ∀ kεH)) ∗ Tpkt + [ρ− [(

∑
λkj ∀ kεH)

+(1 + ej)(p.(λjj +
∑

λkj ∀ kεH))] ∗ Tpkt]) (12)

Now we can avoid the congestion by limiting the mote's e�ective load to some threshold value i.e.
λe or λ

′

e ≤ λThreshold (13)
Now we are going to �nd this threshold and for this we set TΛ ≥ 0 and substitute (

∑
λkj ∀ kεH) by λThresholdwe

will get:

λThreshold ≤ [ρ−p.(1+ej).λjj ]
[(1+ej).p+1] (14)

New Rate Computation `It is de�ned as the optimal source transmission rate value computed based on the

instantaneous network statistics including TPST, TPIAT, channel loading and mi'. Now we will discuss the optimal
solution for updating mote's transmission rate, being triggered by the sink for easing the congestion within the
network while simultaneously supporting the data reliability. The solution is based on the Robust Kalman estimator
(Predictor and Corrector Estimator) with the intention to have minimal processing over head and to gain signi�cant
network e�ciency. Consider a network plan having `N ' motes distributed in space with `n' neighboring motes to
any particular mote within network.

Time Update: Time update helps in estimating (at current discrete time interval k) the source transmission rate
and error covariance based on the a priori statistics of TPST, TPIAT and `mi'.

Let TPST (i, j), TPIAT (i, j), mi(i, j) represents the TPST of the `ith' mote, TPIAT between the two motes and
memory occupancy level of the `ith' mote which is feedback to the `jth' mote at k + 1 interval.

Let xi[k] represents the current data transmission rate (pps) of the mote `j' at interval `k'. The mote `j' may
relay or generate the data information and is given by equation given in section Load Threshold Limit (Eq14).
Then its estimated rate for interval k + 1 is given by

xk+1 = [Ck −Ak].xk +Bk.Uk.xk +Gk.wk (15)
where, xkεR

n , UkεR
yand wkis the process noise having mean wk=0 and covariance wk.wk

T and is written sym-
bolically as wk (0, Q) and over bars denotes the expected value. Ak is n × 1 congestion matrix governed by the
intermediate mote memory congestion/memory occupancy level at any interval k and is given by:

Ak =


mi(i, j1)
mi(i, j2)

.

.
mi(i, jn)

,Bk = Gk =


1 0 . . 0
0 1 . . 0
. . . . .
. . . . .
0 0 . . 1

,Ck =


1
1
.
.
1

 and

Uk is n× 1 control matrix and is given by Uk =


Uk(i, j1)
Uk(i, j2)

.

.
Uk(i, jn)


where by considering the case for mote `i' and `j'
Uk(i, j) = εk(i, j) + γk(i, j) (16)
where, εk(i, j) is the error between the estimated value of the TPST of mote `i', `T

′

PST ', at mote `j' and actually
observed packet service time at the `ith' mote (will be informed to mote `j' at interval k + 1) and is given by:

εk(i, j) = T
′

PST − TPST (17)
and γk(i, j) is the error between the estimated value of the TPIAT at mote `j' and actually observed TPIAT at

the mote `i' and is given by:
γk(i, j) = T

′

PIAT (i, j)− TPIAT (i, j) (18)
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Now let us de�ne `x0' as the initial source and intermediates mote rate calculated as in section 2.1 (Eq 1). So the
procedure is repeated several times under random scenarios and the initial estimated sending rate value for every
mote (including, source, relay or intermediate bu�er motes) would be taken by averaging the previous historical
values, i.e.

x̂0 = x0 (19)
and likewise the error covariance for sending rate would be:
P0 = P x0 = (x0 − x0)(x0 − x0)T (20)
So incorporating the system dynamics the Time Update equation for error covariance would be:
P−
k+1 = AkPkA

T
k +GkQkG

T
k (21)

and the estimation for the transmission rate would be:
x̂k+1 = [Ck −Ak]x̂k +BkUkx̂k (22)
Similarly for sink, the incoming data or actual output of the system is given by:
zk = Hkxk + vk (23)
where,
zkεR

t, Gk and Hk are simple scaling matrix and,
vkεR

tis the measurement noise (if any). Here we are assuming it to zero.
Measurement Update: Measurement update helps in (feedback to time update in k + 1 interval) correcting

the source transmission rate and error covariance by taking into account the e�ect of measurement `zk'. So the
Measurement Updates for error covariance and estimated rate value by taking the e�ect of measurement `zk' would
be:

Pk+1 = [(P−
k+1)

−1 +HT
k+1R

−1
k+1Hk+1]

−1 (24)

x̂k+1 = x̂−k+1 + Pk+1H
T
k+1R

−1
k+1(zk+1 −Hk+1x̂

−
k+1) (25)

We can represent this estimation and correction of new sending rate value that incorporates the e�ect of con-
gestion (by having a knowledge of TPST , TPIAT , εk, γk, mi) as shown in Fig. 4.

Once the sink computes the rate for every source it will then inform the new transmission rate to every source
(in form of rate control packet in downstream fashion). The source upon receiving the new rate plan will start
sending the new packets with this newly de�ned transmission rate value.

Following are the conditions which will decide the severity of congestion:
Condition 1. For any source mote the following condition must be satis�ed for the updated estimated rate

value:
λe or λ

′

e =
rate in pps ∗512∗8

106 (Mbps) ≤ λThreshold (26)
Condition 2. The bu�er occupancy index scale as shown in Fig. 3 will de�ne the severity of the congestion

within heterogeneous WSN
Condition 3. TPST Vs TPIAT: If TPST > TPIAT then it may lead to queue build up and packets will have

to su�er from unwanted long queue delay. This condition allows the receiving mote to inform the sender to reduce
its transmission rate. However, if TPST < TPIAT then for this case the mote may likely to ask the sending mote
to increase its transmission rate.

Condition 4. Load Threshold limit: To avoid congestion the mote should balance the load it is actually putting
on the channel and is being governed by λThreshold limit as deduced in the Section 2.1.1.

In this section we have outlined the theoretical foundation for the congestion control. In the next section we will
now give the theoretical understanding for the packet reliability.

2.2 Packet Reliability

For multimedia tra�c scenario, the packet based reliability is being dictated by the application speci�c QoS `β'
parameter. The purpose of this module is to ensure the packet level reliability for both data packets (upstream)
and control packets (downstream). It will take channel conditions, E-2-E TTL, tra�c class, packet priority and
NACK as input and will decide the necessary reliability measures for that particular information that includes
packet storage and packet retrieval. Functionally this module comprised of Packet Storage and Packet Retrieval
using NACK sub-modules.

Packet Storage Upon packet reception Packet Storage module will retrieve the received packet's type (NACK,
Data or Rate packet), priority, nature of tra�c class and packet's E-2-E TTL. It will then take necessary measures
to de�ne the maximum allowable store time (20∗RTTβ msec) for that packet within the bu�er based on its nature

(`β' parameter). This module will also compute the `mi' for �nding the congestion index and new transmission rate
plan. It also couples its functionality with active queue scheduling feature of the packet scheduler (will be discussed
in section 2.3.1) for necessary memory scheduling.

4
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Packet Retrieval using NACK The LCART uses the explicit NACK control signaling (triggered by lower layer
information), as shown in the Fig. 5, at the transport level for Packet Retrieval from the immediate or subsequent
bu�er motes. The NACK packet informs this module about the packet ID, source from which this packet originates
and sequence number `s' for missing packet retrieval. Also this module together with the Packet Scheduler (as will
be discussed in section 2.3.1) will take necessary measure for its orderly sending.

2.3 Data Prioritization for Heterogeneous Tra�c Support

The purpose of this module is to take care of the heterogeneous tra�c �ows from various source ID's `i', that occur
simultaneously in any reference time frame. It will rank and scheduled the packet transmission, having sequence
number `s', by taking into account the packet priority `b', weighting co-e�cients `W i

b,s' and E-2-E packet TTL
information. It not only helps in scheduled transmissions of the packets but also help in combating challenges posed
by the application speci�c stringent QoS requirements. This module is further comprised of Packet Scheduler and
Packet Transmission sub-modules.

Packet Scheduler This module interacts with the congestion control and reliability modules in order to facilitate
the network that ful�lls the criteria of minimum congestion and high reliability assurance. It will interact with the
reliability module to serve the following functionalities:

1. Order the stored packets based on its priority and E-2-E TTL information,

2. Based on available `λThreshold' and weighting co-e�cients information it will assign the channel bandwidth to
heterogeneous tra�c �ows,

3. Active queue scheduling, �ushes bu�er (i.e. delete the packets from memory which are assumed to be delivered
or passed the maximum allowable time limit for storage being governed by the information speci�c weighting
co-e�cients and `β' parameter), and

4. Reliability module will request Packet Scheduler to �nd the packet as in NACK.

Condition 5. For overall network, the multimedia communication shares 60% bandwidth while rest 40% bandwidth
is assigned for scalar information exchange including both critical and less-critical by nature. Empirically the
following normalized bandwidth share values are selected:

1. For multimedia �ow b = 1, and W i
b,s = 0.6,

2. For critical scalar information b = 2 and W i
b,s = 0.25, and

3. For scalar less-critical information, b = 3 and W i
b,s = 0.15.

Condition 6. Empirically the maximum e�ective rate for multimedia and other scalar motes comes to be:

1. Multimedia: W i
b,s ∗ λThreshold = 0.6 ∗ λThreshold,

2. Scalar critical: W i
b,s ∗ λThreshold = 0.25 ∗ λThreshold, and

3. Scalar less critical:W i
b,s ∗ λThreshold = 0.15 ∗ λThreshold

Condition 7. Likewise if the parent mote and child motes are all intermediate motes then the link will be shared
maximally by the child intermediate mote having highest branch priority i.e.∑

Ph = Pl ∀hεH (27)

where,

Pl= e�ective priority of the intermediate mote `l',∑
Ph =

∑
W i
b,s ∀hεH, bεS, sεE, iεD is the e�ective sum of all motes (source, intermediate etc) priorities that

are attached to the intermediate mote `l' can also be computed by the sum of priorities of data that a particular
mote is keeping/handling.

Packet Transmission This module will transmit packet in an order de�ned by the Packet Scheduler.

5
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Table 1. Network Parameters

Fig. 4: Estimator Corrector for Rate Adjustment
Fig. 5: Packet Retrieval for LCART

3 SIMULATION SETUP AND RESULTS

NS-2 has been used for evaluating the LCART in a multi-hop scenario2 as shown in Fig. 6, comprising of 24 motes
spaced randomly at an average distance of around 100 meters (m) apart from each other and covering a region of
1000m× 1000m. Motes 0− 9 are considered as basic source or leaf motes while motes 11�23 are intermediate motes
(may or may not have sensing feature) and mote 10 acts as Sink. The source motes 1, 4 and 7 are considered to be
multimedia by nature while source motes 3, 5, 6 and 0, 2, 8, 9 are scalar-critical and scalar less-critical by nature.
For this network we extensively evaluated LCART for the case of total good throughput of the system, average
E-2-E data packet latency, network energy consumption and the average packet drop. In this simulation setup we
focused more on results from practical perspective and for this we have used the following parameters listed in the
Table 1. The simulation also incorporates the e�ect of errors introduced by channel interference (addition of uniform
errors both at transmission and reception side independently). The performance of the LCART is evaluated against
TCP-WW+, TCP-WW, TCPNewReno and TCPReno.

Good Throughput comparison for LCART with other transport layer protocols is shown in Fig. 7. As we can
see from the graph LCART exhibits highest good throughput of 0.3112 Mbps in comparison to TCP-WW+ whose
good throughput is 0.2874 Mbps, TCP-WW (0.2902 Mbps) , TCPNewReno and TCP Reno (0.2668 and 0.2941
Mbps). TCP-WW+ and TCP-WW, also called the sender-side variants of TCP-NR, relies on mining of the ACK
control signaling for setting the congestion control parameters like slow-start threshold limit and congestion window
which are then used in estimating the source transmission rate values. As mining of ACK stream involves the close
monitoring of per packet ACK beside the actual data �ow, includes the E-2-E latency for data packet with an
addition of the ACK reception latency (which is variable) at the source side, thus would increase the time gap
between the successive transmission and hence results in drop of system good throughput. Whereas the main
reason for this good behavior exhibited by LCART comes from the protocol e�ciency gain from the cross-layer
design which not only best utilizes the network resources for �nding the optimal source transmission rates but also
helps in quick retrieval of lost packet information. This optimal source transmission rate value, which is based on
feeding the real time monitored statistics to Kalman based predictor-corrector estimator, prevents the unwanted
events of packet drop and source transmission rate reduction, thus results in high system good throughput.

Fig. 8 (a) and 8 (b) shows the Average Packet Drop comparison of LCART against various transport layer
protocols. From the packet drop behavior exhibited by various sources as shown in Fig. 8 (a) for various trans-
port layer protocols it is evident that among all protocols only LCART guarantee the successful delivery of high

2 We have used Ad-hoc On-Demand Distance Vector (AODV) and IEEE802.11 as Routing agent and underlying
MAC/Wireless-Physical layer standards.
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Fig. 6: Network topology Fig. 7: Good throughput Comparison

and low priority packet information. It also evident from Fig. 8 (b) that LCART exhibits only 1.0137% (of the
total communication) packet drop in comparison to 2.7394%, 3.9133% for TCP-WW+ and TCP-WW and 2.47%,
2.8% subsequently for TCPNewReno and TCPReno. The TCP-WW+ and TCP-WW avoids packet drops by the
use of an additive increase/adaptive decrease (AIMD) paradigm to enhance the classic AIMD algorithm. It, upon
experiencing a packet loss, performs E-2-E bandwidth estimation (at the sender side) for future packet transmis-
sions. As this sender based dynamic phenomenon of rate adjustment is entirely based on received ACK monitored
statistics and could possibly result in enormous packet drop before the new bandwidth estimation has taken place
and that is why their average percentage data packet drop for the entire communication is higher. The reason, the
LCART shows lowest packet drop in comparison to others is because of its transport layer dependency on lower
MAC and Wireless-Physical layers which actually feedback's the transport layer about the channel conditions and
the severity of the congestion in the neighborhood that result in packet drop. Another primary reason of this low
drop is its stochastically tuned reliability component (`β' parameter) which is based on the nature of the tra�c,
de�nes the time of storage at local intermediate bu�er motes.

(a) Average Packet dropped by sources (b) Average Packet Drop comparison
Fig. 8: Packet Drop comparison for LCART

Fig. 9 shows the Average E-2-E Data Packet Latency comparison for various transport layer protocols and the
signi�cance of this comparison highlights the use of LCART for WSN targeting heterogeneous tra�c simultaneously.
From the comparison it is obvious that the LCART outperforms all by exhibiting the least E-2-E data packet latency
for every source. LCART exhibits < 80 msec E-2-E latency behavior for multimedia packet information and < 130
msec E-2-E latency for other, scalar-critical and less critical, packet information. TCPReno exhibits worst behavior
among all for the high priority information, where as TCP-WW+ shows better response in comparison to TCP-
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WW, TCPNewReno and TCPReno. For the packet information coming from sources that uses TCP-WW+ and
TCP-WW as transport agents actually su�ers from a large variable delay. On average the TCP-WW+ and TCP-
WW exhibits > 450 msec for high priority sources 2, 4 and > 100 msec for high priority source 5 where as similar
behavior is being exhibited by TCPNewReno and TCPReno respectively. The reason for this e�cient behavior
exhibited by the LCART is its �ne congestion and reliability control whilst the use of cross-layering the common
functionalities of transport and lower layers which keeps E-2-E packet latency to a minimum value. As the rate
adjustment is based on Kalman based predictor-corrector estimator which takes lower layer information as input,
therefore this control feedback phenomenon helps in achieving the optimal source transmission rate values which
will keep network uncongested most of the time thus minimizing the E-2-E packet latency and packet drop rate
caused by congestion thus resulting in energy e�cient design. This optimality also ensures E-2-E data packet latency
QoS objective of the multimedia application (e.g. for audio application it should be ≤ 150 msec3).

Fig. 9: Average E-2-E Packet Latency Comparison Fig. 10: Average per Packet Energy Consumed Comparison

Fig. 10 shows the Per Packet Energy Consumption (in mili Joules, mJ) comparison of LCART with other trans-
port layer protocols. From the Fig. 10 it is obvious that the per packet energy consumed by LCART source motes
is approximately 0.45mJ for the entire communication which is high (because of high throughput) in comparison to
TCP-WW+, TCP-WW, TCPNewReno and TCPReno which consume per packet energy of 0.4475 mJ, 0.4410 mJ,
0.3126 mJ and 0.4394 mJ respectively. The reason why the TCP-WW+ and TCP-WW o�ers high per packet energy
cost is being justi�ed by its control channel probing (mining of ACK control signaling for bandwidth estimation for
future transmissions). Also it is noticeable that the TCPNewReno has lowest throughput, source transmission rate
is low in comparison to other protocols, and for that the source motes that uses TCPNewReno consumes less per
packet energy which is approximately 0.3126 mJ for the entire communication.

Similarly the per packet energy consumed by the relay and sink motes for the LCART and other transport
layer protocols is shown in Fig. 10. As we can see for the Fig. 10 that the total per packet communication cost for
LCART's relay motes is approximately 0.4804 mJ in comparison to 0.5881 mJ, 0.5874 mJ, 0.5722 mJ and 0.5894
mJ for TCP-WW+, TCP-WW, TCPNewReno and TCPReno respectively. Again this con�rms the e�ectiveness of
LCART's congestion control and reliability design component that uses cross-layer design feature. Since LCART
congestion control mechanism keeps source mote's transmission rate to an optimum value, by best utilizing the
network resources, therefore not only it prevents the unwanted packet drop due to congestion but also the associated
control overhead for retransmissions thus resulting in energy e�ciency. Also another good reason for this e�ciency
is that the LCART reliability module uses stochastically distributed time de�nition (`β' parameter) for packet
storage at intermediate motes, again this time would be governed by the link conditions, nature of information etc.
Similarly we can see from Fig. 10 that the e�ective per packet vs throughput energy consumed by LCART's sink
is minimum (0.5398 mJ) in comparison to TCP-WW+, TCP-WW, TCPNewReno and TCPReno which consumes
0.674 mJ, 0.666 mJ, 0.5279 mJ and 0.706 mJ respectively. Again with the similar reasoning as for relay mote case
it is proved that the LCART is the most energy e�cient transport layer protocol in comparison to TCP-WW+,
TCP-WW, TCPNewReno and TCPReno.

3 http://www.itu.int/rec/dologin_pub.asp?lang=e&id=T-REC-G.114-200305-I!!PDF-E&type=items
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4 DISCUSSION AND CONCLUSIONS

In the following paper we have envisaged LCART scheme for heterogeneous WSN. The idea of LCART is based
on cross-layering the WSN's communication protocol stack. We extensively simulated LCART against TCP-WW+,
TCP-WW, TCPNewReno and TCPReno and results reveal that considerable reduction in E-2-E data packet latency
has been observed for LCART around< 80msec for multimedia packets and< 130msec for other packet information.
Also for LCART highest average good throughput is achieved i.e. 0.3112 Mbps while e�ectively maintaining > 98%
achieved source priority (at sink) for various sources with only 3 bu�er motes. Also for entire communication
LCART exhibits energy e�cient behavior in comparison to rest all and exhibits only< 1.0137% packet drop which
is minimum of all. In the next step we would try to incorporate sender based forward packet drop detection into
the existing LCART design and this sets our future research direction.
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Social Networks Exploration
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Abstract. Nonnegative three-way Decomposition into Directional COmponents (DEDICOM) has been
found many potential application including analysis of social networks with large-scale, massive data-
sets. Existing algorithms for DEDICOM involve difficult nonlinear optimizations problems with multiple
local minima. The most efficient algorithm employs ill-conditioned Hessian of a cost function and the
Levenberg-Marquard algorithm with a free parameter which is difficult optimally to tune. Moreover. the
existing algorithms are not suitable for very large-scale problems. To alleviate these problems we propose
an efficient algorithm which first decomposes three-way data into Tucker-3 or Tucker-2, and next retrieves
the desired DEDICOM matrices from the Tucker factors and the core tensor.

Key words: DEDICOM, TUCKER decomposition, nonnegative tensor decomposition, social networks

1 Introduction

The emergence of the social media and online social networking web-sites have given rise to new research
paradigms focusing on the analysis of human social activity (e.g., finding community structures, patterns, rules,
outliers, spot abnormal individuals, abnormal time-stamps etc.). In technical terms, the aim of social networks
analysis is to study and discover hidden structures, for instance, extracting communication patterns among
people or within organizations. This offers many opportunities to analyze and model behaviors of hundreds,
thousands or even millions of people [1–3].

Tensor decompositions and multi-way analysis can be naturally employed to extract some complex rela-
tionships in social networks [4–8]. In this direction, Harshman and Lundy [9] analyzed asymmetric measures
of yearly trade (import-export) among a set of nations over a period of 10 years. Lundy et al. [10] presented
an application of three-way DEDICOM to skew-symmetric data for paired preference ratings of treatments for
chronic back pain (with additional constraints to obtain meaningful results). In the context of web link, Kolda
et al. [6] represented web graph data as a sparse three-way tensor with modes: web-pages × web-pages × anchor
text . Acar et al. [5] analyzed chat-room communications data with modes: users × keywords × time samples
and investigated performance of multi-way models in capturing the underlying user group structure. Bader et
al. analyzed email communications of Enron company using the three-way DEDICOM model [7, 11]. Bader,
Harshman, and Kolda [7] recently applied their DEDICOM algorithm to analyze email communication graphs
over time.

Moreover, in most social network analyses, the data are nonnegative tensors. For example, the Enron email
database can be constructed as a three-way tensor [12] in which each entry represents the number of emails sent
from an employee to another employee in a certain month. When considering the international trade data [9],
each entry of the three-way tensor provides the import/export data among nations in a certain year. Nonnegative
constrains imposed on factors are a necessity in order to provide meaningful interpretation. In this paper, we
propose a general algorithm for nonnegative DEDICOM in which the factor and pattern matrices are estimated
using constrained nonnegative Tucker algorithms, with low complexity update learning rules.

2 Tensor Notation and Basic Models

We shall denote a tensor by underlined bold capital letters, e.g., X, matrices by bold capital letters, e.g. A,
and vectors by bold italic lowercase letters, e.g. dk. For a three-dimensional tensor X ∈ R

I×J×K , its frontal
slices denoted respectively by Xk = X::k. The mode-n matricized version of a tensor X is denoted by X(n).
The Khatri-Rao, Kronecker, and Hardamard products and elementwise division are denoted respectively by
�,⊗, �,� [4].

The product of a tensor and a matrix along the mode-n is denoted as X = G ×n A , or X(n) = AG(n).
The contracted product of two three-way tensors A ∈ R

I×J×K and B ∈ R
P×Q×R along the mode 1 returns a
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(a) Three-way DEDICOM model
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G∼=

(b) Symmetric Tucker-2 decomposition

Fig. 1: (a) Illustration of the three-way DEDICOM model of the data tensor X, and (b) its relationship to the
symmetric Tucker-2 decomposition.

four-way tensor defined as C = 〈A,B〉1 ∈ R
J×K×Q×R, or cjkqr =

∑
i aijkbiqr, for I = P , and the contracted

product along the two modes returns a matrix defined as F = 〈A,B〉1,2 = 〈A,B〉−3 = A(3) B
T
(3) ∈ R

K×R.

The basic Tucker-3 model [13, 4] is represented as by products of a core tensor Ĝ with three factors A,B,C
along all its modes:

X = Ĝ×1 A×2 B×3 C, (1)

and it can be converted (simplified) into the Tucker-2 model as

X = (Ĝ×3 C)×1 A×2 B = G×1 A×2 B, (2)

where G = Ĝ×3C is a core tensor and A,B and C are factor (component) matrices (not necessary orthogonal).
DEDICOM [9, 14] can be formulated as follows: “Decompose a given three-dimensional data tensor X ∈

R
I×I×K into a factor matrix A ∈ R

I×P of loadings or weights, a communication pattern matrix R ∈ R
P×P

that captures asymmetric relationships, and a sparse core tensor D ∈ R
P×P×K with diagonal frontal slices

giving the weights of columns of A for each slice in the third mode (see Fig. 1)”, that is

Xk = A diag{dk}R diag{dk}AT , (k = 1, 2, . . . , K) (3)

where dk is the k-th column of the matrix D ∈ R
P×K . The matrix D is built up from diagonals of the frontal

slices of the core tensor D.
Most of the existing algorithms are based on the minimization of the cost function

J(A,D,R) =
∑

k

||Xk −A diag{dk}R diag{dk}AT ||2F , (4)

subject to optional additional constraints [15]. The most popular algorithms are Kiers’ algorithm, ASALSAN
and All-at-once optimization. Bader et al. in [7] extended the ASALSAN algorithm for nonnegative DEDICOM
with the multiplicative learning rules for matrices A and R. The learning rule for the dense matrix D, based
on the Newton method, requires computation of the gradients and the Hessian of the cost function with respect
to each vector dk, hence it demands high computational cost. Moreover, to ensure a Hessian to be positive-
definite, the Levenberg-Marquardt approach was applied with the regularization parameter λ. For real-world
data, a proper selection of parameter λ decides the performance of the final result [7].

3 Algorithm for Nonnegative DEDICOM

This section aims to present a simple algorithm for computing the core tensor and component matrices (see Fig.
1 and Eq. (3)). First, we introduce a relation between DEDICOM and TUCKER. By denoting a core tensor
G ∈ R

P×P×K whose frontal slices are represented by

Gk = diag{dk}R diag{dk}, (5)

the DEDICOM model of a data tensor X relates to the particular (constrained) TUCKER-2 decomposition see
Fig. 1

X = G×1 A×2 A. (6)

We exploit this relation to propose a new algorithm for nonnegative DEDICOM based on nonnegative
TUCKER decomposition. The factor A can be estimated uniquely by any nonnegative TUCKER algorithms,
such as the multiplicative, HALS algorithm [16, 4] or the QALS algorithm [17], and the matrices R and D can
be computed from the core tensor G.
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3.1 Estimation of the Factor A

Generally, the learning rule for the factor A can be derived by minimizing the Frobenius cost function using
the ALS approach

J(A) = ‖X−G×1 A×2 A‖2F . (7)

Alternatively, multiplicative learning rules can be derived by using nonnegative matrix factorizations (NMF).
By matricizations of the tensor approximation in (6) along the modes 1 and 2, we have

X(1) = AG(1) (I⊗A)T , and X(2) = AG(2) (I⊗A)T , (8)

or conveniently in a matrix factorization of the concatenation matrix

X̃ = [X(1) X(2)] = A [G(1) G(2)] (I⊗A)T = AG̃(I⊗A)T , (9)

where G̃ = [G(1) G(2)]. Assuming nonnegativity constraints, the above model can be considered as special form
of Nonnegative Matrix Factorizations (NMF) where the objective is to estimate the nonnegative factor matrices
A and G̃ (I⊗A)T . For such a model we can employ many existing NMF algorithms [18, 4] for the factorization

Y = WHT . (10)

For example, we can apply the multiplicative NMF-ISRA algorithm [18, 4].

W←W � (Y H) �
(
WHT H

)
. (11)

By simple algebraic manipulations the following multiplicative learning rule can be derived for the factor A =
[a1, a2, . . . ,aP ] ∈ R

I×P :

A← A � (X̃ (I⊗A) G̃
T
)� (AG̃ (I⊗A)T (I⊗A) G̃

T
) (12)

= A �
(〈X,G×2 A〉−1 + 〈X,G×1 A〉−2

)
� (A (〈G×2 A,G×2 A〉−1 + 〈G×1 A,G×1 A〉−2

))
. (13)

Although the core tensor G does not exist explicitly in the DEDICOM model, it takes a particular role in
updating the two matrices D and R, and can be updated using the multiplicative learning rule [4]

G← G �
(
X×1 AT ×2 AT

)
�
(
G×1 ATA×2 ATA

)
. (14)

3.2 Estimation of the Communication Pattern Matrix R

The communication pattern matrix R can be updated from the core tensor G. From the equation (5), the
vectorization of each slice Gk is given by

vec(Gk) = (diag{dk} ⊗ diag{dk}) vec(R) = (dk ⊗ dk) � vec(R) . (15)

Hence, the mode-3 matricized version of the core tensor G can be formulated as GT
(3) = diag{vec(R)} (D�D).

It leads to that a p-th column g
(3)
p of the matricized version G(3) is proportional to a p-th row d̃p: ∈ R

1×K

(p = 1, 2, . . . , P 2) of the matrix D̃ = D�D ∈ R
P 2×K :

g(3)
p = rp d̃

T

p:, (16)

where rp is is a nonnegative scaling factor which represents the p-th entry of the vector vec(R). By taking into
account the following relation: aT b = 1T (a � b), from (16), an entry rp can be calculated as

rp =
d̃p:g

(3)
p

d̃p:d̃
T

p:

=
1T (d̃

T

p: � g
(3)
p )

1T (d̃
T

p: � d̃
T

p:)
. (17)

In the matrix form, the update rule for the matrix R is given by

vec(R) = [r1 · · · rP 2 ]T =

⎡
⎣1T (d̃

T

p: � g
(3)
p )

1T (d̃
T

p: � d̃
T

p:)

⎤
⎦

P 2

p=1

T

=
(
1T
[
d̃

T

p: � g(3)
p

]P 2

p=1

)T

�
(
1T
[
d̃

T

p: � d̃
T

p:

]P 2

p=1

)T

←
(([

d̃
T

p:

]P 2

p=1
�
[
g(3)

p

]P 2

p=1

)T

1

)
�
(([

d̃
T

p:

]P 2

p=1
�
[
d̃

T

p:

]P 2

p=1

)T

1

)

=
((

D̃ � G T
(3)

)
1
)
�
((

D̃ � D̃
)

1
)

, (18)
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Algorithm 1: Nonnegative DEDICOM

begin1

Initialize randomly nonnegative matrices A, D, R2

repeat3

G(3) = (D�D)T diag{vec(R)} /* Compute and update tensor G */4

A ← A �
`〈X,G×2 A〉−1 + 〈X,G×1 A〉−2

´ �
� `

A
`〈G×2 A,G×2 A〉−1 + 〈G×1 A,G×1 A〉−2

´´
5

G← G � (X×1 AT ×2 AT )� (G×1 AT A×2 AT A) /* Update G */6

vec(R) = ((D̃ � GT
(3)) 1)� ((D̃ � D̃) 1) /* Estimation of R */7

parfor each Gk do /* Estimation of D */8

[u, s] = eigs ((Gk + GT
k )�R, 1, ‘LM’)9

dk =
p

s/2 u10

endfor11

until a stopping criterion is met12

end13

where A1 is sum of all the entries in the same row of the matrix A.
From the proportional relation (16), the communication pattern matrix R can also be estimated in alternative

way as

vec(R)←
((

GT
(3) � G T

(3)

)
1
)
�
((

D̃ � GT
(3)

)
1
)

. (19)

3.3 Estimation of the Matrix D

The relation between the core tensor G and the matrices D and R in (15) can also be expressed in the matrix
form

Gk = (dkdT
k ) � R, (20)

or equivalently

Pk = Gk �R = dkdT
k , (21)

where the matrix dkdT
k is the rank-1 approximation of the matrix Pk. In practice, instead of direct estimation

of the vector dk from the matrix Pk, it is more convenient to use the symmetrized form

Pk = (Gk + GT
k )�R = 2 dkdT

k . (22)

Since the matrix Pk in (22) is symmetric, it can be approximated by it the eigenvectors corresponding the
largest eigenvalues Pk ≈ suuT , where u is the leading eigenvector corresponding the largest eigenvalue s of the
matrix Pk. Because the matrix Pk is non-negative (and irreducible), from the Perron-Frobenius theorem the
leading eigenvector is guaranteed to be non-negative (or same-sign). Therefore, the vector dk is derived as

dk =
√

s/2u. (23)

The pseudo-code of the proposed algorithm for nonnegative DEDICOM is summarized in Algorithm 1. Parallel
FOR-loop denoted by “parfor” loop is available with the Matlab Parallel Computing Toolbox.

4 EXPERIMENTS

4.1 Synthetic Data

This experiment aims to validate convergence of the proposed algorithm for synthetic data. A 100× 100× 100
dimensional tensor X was composed from factors A, D and R with P = 5 components randomly drawn from
uniform distributions. The proposed algorithm perfectly explained the tensor with a relative error of 1.52×10−6,
and achieved average SIR indices for components of factors A and D SIR = −20 log10

‖ap−âp‖2
‖ap‖2

dB of 39.21
dB and 38.70 dB, respectively, after permutation matching and normalization. The relative error between the
approximate and original communication pattern matrix R is -36.34 dB, or SIR(vec(R)) = 36.34 dB. Fig. 2(a)
illustrates the relative error as a function of the iterations.
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Fig. 2: Illustration of convergence of the proposed algorithm for the synthetic tensor in Example 4.1, and the
SIR indices for factors A, D and R.
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Fig. 3: Illustration of the matrix D indicating the strength participant of Enron groups over 44 months, and the
aggregate communication pattern R using the Hinton graph.

4.2 Enron email database

The analysis of the Enron email database [12] presented in detail in [7] is used as an example to illustrate the
benefits of our algorithm. The Enron database are constructed as a tensor of size 184 × 184 × 44 consisting
of messages solely among 184 Enron email addresses over 44 months. We decomposed the Enron tensor into 4
components in factors A. The results obtained using Algorithm 1 showed that the four groups in our experiment
correspond to the four categories that Bader et al. labeled in [7]: legal, executive/government affairs, executive
and pipeline. Fig. 3(b) illustrates the interactions among components by using Hinton diagram of the communi-
cation pattern matrix R. Each blob at a specified position (m, n) in the Hinton diagram has its size proportional
to the communication pattern rm,n; matrix R is also given in Table 1(a). The major communication patterns
were plotted whereas the patterns with small magnitudes were ignored. Fig. 3(a) visualizes the temporal pro-
file matrix D indicating the strength of participation of each group in communication over 44 months. The
detailed analysis of matrices R and D can be found in [11, 7]. An alternative analysis of the Enron email was
performed with P = 5 groups. The communication pattern matrix R given in Table 1(b) shows that groups still
hold a similar relationship to that for P = 4 groups. The employees in a same group exchanged emails mostly
among themselves. Employees in the “legal” group rarely communicated with other groups. Whereas ones in
the “Executive/government affairs” group did more frequently.

5 CONCLUSIONS AND FUTURE WORKS

Large-scale tensor decompositions and factorizations pose a wealth of challenging and fascinating problems.
In this paper we have proposed a new efficient algorithm for three-way nonnegative DEDICOM models. The
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Table 1: Communication pattern matrix R for groups in the Enron dataset.
(a) P = 4 groups

Group 1 2 3 4

1- Legal 523 0 0 8.71
2- Exec/Gov’t Affairs 0 393 21 80
3- Executive 0 0 276 0.25
4- Pipeline 0 0 34 195

(b) P = 5 groups

Group 1 2 3 4 5

1 509 0 0 0 0
2 0 393 29 1 39
3 0 0 294 0 0
4 0 0 0 245 0
5 0 0 0 0 229

weighting matrix, communication pattern matrix and time profile matrix are derived from the factor and the
core tensor of the TUCKER-2 model of the data tensor. The algorithm can be straightforwardly extended to
deal with large-scale data based on a high fitness approximation of the data using the TUCKER models.
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Abstract. Nonnegative Matrix Factorization (NMF) is a robust method for multivariate data analysis,
especially as the data is sparse and highly redundant. However, when the redundancy is not very strong,
the data is noisy, and no special constraints on the factors to be estimated can be imposed, the factoriza-
tion is very challenging, even for a small-scale data. To tackle such problems, we propose to use damped
Newton iterations. Initially, we update the solution basically with the information on a gradient direc-
tion, and gradually steer towards Newton iterations when we observe a decrease in the cost function. We
demonstrated experimentally that our approach is superior to many well-known methods for NMF.

1 Introduction

NMF aims at finding low dimensional data representations that are intrinsically nonnegative and usually have
some physical meaning and interpretation. The reduced dimensionality is very useful in data analysis due to
many advantages such as denoising, computational efficiency, greater interpretability and easier visualization.
Hence, NMF has already found diverse applications [1–11] in multivariate data analysis, machine learning, and
signal/image processing.

There are several techniques for estimating nonnegative low dimensional data representations to the input
data. The classical algorithms include the multiplicative updates [2,12,13], projected descent updates [14], and
alternating least squares [1, 15].

The multiplicative updates that have been considerably popularized by Lee and Seung [2] unfortunately
suffer from many drawbacks such as a slow convergence and no guarantee to converge to a stationary point of
the NMF optimization problem. Chih-Jen Lin [13] propose some minor modifications to the basic multiplicative
rules that resolve the latter problem, but still their convergence rate is relatively slow.

The alternative to the multiplicative algorithms can be a numerous group of Projected Gradient (PG)
algorithms. The examples can be found in [1, 14, 16]. Their update rules are additive and basically use only
the information about the gradient descent. With reference to multiplicative ones, the PG algorithms usually
demonstrate an improved convergence rate, and if their projection rules consider the Karush Kuhn Tucker (KKT)
optimality conditions, the convergence behavior is typically monotonic to a stationary point. Nevertheless, their
convergence rate strongly depends on a step size in the gradient descent direction.

The convergence can be considerably improved if the second-order term of the Taylor expansion to a cost
function is used. We observed that the Newton iterations considerably improve the performance of NMF [17]
but a computation of the Hessian is computationally challenging for large-scale problems. In this paper, we
use the Euclidean distance to model the fitness of our model to the observations. For this case, the Hessian
has a block diagonal structure with identical blocks. As demonstrated in [1] a single iteration of the Newton
method leads to the well-known Alternating Least Squares (ALS) algorithm [15]. This algorithm is suitable for
large-scale problems, especially highly redundant. Otherwise, it demonstrates a non-monotonic convergence and
there is no guarantee that the ALS can find a stationary point.

To tackle the convergence problems, Kim et al [18] proposed the improved versions of the Quasi-Newton
method [17] that guarantees a monotonic convergence. They assumed that the entries of the estimated factors
that belong to, so-called, an active set and already satisfy the KKT conditions should not be updated any longer.
Hence, they are excluded from subsequent iterations. Unfortunately, as we demonstrated experimentally, their
algorithm does not always give satisfactory estimates.

Since an alternating optimization is non-convex intrinsically, an unfortunate initialization may give wrong
estimates, even though the underlying algorithm is fast and monotonically convergent. This problem is partic-
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ularly often encountered when the redundancy is not very strong, the data is noisy, and the estimated factors
are not very sparse.

To handle this case, we propose the Newton-based algorithm that combines several approaches. In the early
stage of updating, we perform gradient descent updates with a very small step size until some stagnation is
observed. When the solution is roughly estimated we increase a step size gradually until a next stagnation point
is reached. Each stagnation is expected to occur at a lower level of the cost function. When a step size is larger,
the information contained in the second-order Taylor expansion term play an more important role. Finally, we
go towards the solution only with the Newton iterations. Meantime, we control the KKT conditions for each
entry. If an entry is detected as belonging to an active set, it is excluded from the next updates. The strategy of
our algorithm is somewhat similar to the damped Newton iterations proposed in [19] but we solve the damping
approach in a different way.

The remainder has the following organization. Section 2 introduces to the Newton algorithms for NMF. The
damped Newton iterations are explained in the next section. The experiments are given in Section 4. Finally,
Section 5 contains the brief conclusions.

2 Newton Algorithms for NMF

The aim of NMF is to find such lower-rank nonnegative matrices A = [aij ] ∈ RI×J
+ and X = [xjt] ∈ RJ×T

+

that Y = [yit] ∼= AX ∈ RI×T
+ , given the data matrix Y , the lower rank J , and possibly some prior knowledge

on the matrices A or X. The orthant of nonnegative real numbers is denoted by R+. Typically we have high
redundancy, i.e. J << IT

I+T but in our considerations we assume J ≤ min{I, T} and T >> I.
To estimate the matrices A and X from Y , we assume the squared Euclidean distance:

D(Y ||AX) =
1
2
||Y −AX||2F . (1)

The function (1) can be rewritten as

D(Y ||AX) =
1
2

tr{Y Y T } − tr{Y XT AT }+
1
2

tr{AT XXT A}

=
1
2

(
vec(AT )

)T (
II ⊗XXT

)
vec(AT )−

(
vec(XY T )

)T

vec(AT ) +
1
2

tr{Y Y T }, (2)

where II ∈ RI×I is an identity matrix, tr{Z} is the trace of Z, the symbol ⊗ stands for the Kronecker product,
and vec(A) = [a11a21 . . . aI1a12 . . . aIJ ]T ∈ RIJ is a vectorized form of the matrix A. Equivalently

D(Y ||AX) =
1
2

(vec(X))T
(
IT ⊗AT A

)
vec(X)−

(
vec(AT Y )

)T

vec(X) +
1
2

tr{Y Y T }. (3)

Let QA = II ⊗XXT ∈ RIJ×IJ , QX = IT ⊗AT A ∈ RJT×JT , cA = −vec(XY T ) ∈ RIJ , cX = −vec(AT Y ) ∈
RJT , ā = vec(AT ) ∈ RIJ , x̄ = vec(X) ∈ RJT . The problem of estimating the matrices A and X can therefore
be expressed in terms of the Quadratic Programming (QP) problems subject to the nonnegativity constraints:

min
aij≥0

1
2
āT QAā + cT

Aā, min
xjt≥0

1
2
x̄T QX x̄ + cT

X x̄. (4)

Since we assume the quadratic cost function, the matrices QA and QX are the Hessians of D(Y ||AX) with
respect to A and X, respectively.

The solutions to (4) should satisfy the KKT optimality conditions:

∂

∂aij
D(Y ||AX) = 0, if aij > 0, and

∂

∂aij
D(Y ||AX) > 0, if aij = 0. (5)

∂

∂xjt
D(Y ||AX) = 0, if xjt > 0, and

∂

∂xjt
D(Y ||AX) > 0, if xjt = 0. (6)

For aij > 0, we have ∂
∂aij

D(Y ||AX) = QAā + c̄A = 0, and in consequence

QAā = −c̄A, s.t. ā > 0. (7)
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To handle the case aij = 0, we follow [20] and transform (7) to the reduced system:

Q
(R)
A ā(R) = −c̄

(R)
A , s.t. ā(R) > 0, (8)

where Q
(R)
A = DAQADA −DA + IIJ and c̄

(R)
A = DAc̄A. The diagonal matrix DA consists of the indices of

inactive variables in the current iterative step. Thus

DA = diag
(
vec(ZT

A)
)

, (9)

where the index matrix ZA of inactive variables in A is defined as:

ZA = [z(A)
ij ], z

(A)
ij =

{
1 if aij > 0,
0 if aij = 0, and ∂

∂aij
D(Y ||AX) > 0.

(10)

If aij = 0 and ∂
∂aij

D(Y ||AX) = 0, we have a degenerated solution, and in this paper we do not discuss this
case. However, if this case takes place, we propose to restart the iterations or terminate if the estimate is good
enough.

The reduced matrix Q
(R)
A in the system (8) has still a block-diagonal structure and is quite sparse. Hence, the

standard Conjugate Gradients (CG) algorithm is very useful in this case. Unfortunately, the CG approximations
might not be nonnegative, hence we need to apply the projection of the CG approximations onto R+.

Since we assume T >> I, the Hessian QX is very large and its diagonal blocks are identical. For xij > 0,
we have ∂

∂xjt
D(Y ||AX) = QX x̄ + c̄X = 0, and in consequence

X = Matrix(x̄) = Matrix
(−Q−1

X c̄X

)
= (AT A)−1AT Y , s.t. xjt > 0, (11)

where Matrix(x̄) is the inverse operation to the vectorization: x̄ = vec(X). Assuming AT A is positive definite,
the LS update (11) can be readily transformed to the Newton updates:

X ← X − (AT A)−1AT (AX − Y ) = X − P X , s.t. xjt > 0, (12)

where P X expresses descent directions.
To handle the case xij = 0, we follow a similar strategy as for updating A. Let

ZX = [z(X)
jt ], z

(X)
jt =

{
1 if xjt > 0,
0 if xjt = 0, and ∂

∂xjt
D(Y ||AX) > 0.

(13)

Thus, we have the projected Newton updates:

X ← [X − P X ¯ZX ]+ , (14)

where the symbol ¯ denotes the Hadamard product, and [ξ]+ = max{0, ξ} is a projection onto R+.
We assume the columns in A are independent and scaled to the unit length after each iteration, hence the

assumption on positive definiteness of AT A can be easily satisfied.

3 Damped Newton Iterations

The blocks XXT in the Hessian QA may be singular, so we proposed in [17] to use the Levenberg-Marquardt
approach with a small fixed damping parameter (λ = 10−12). In this paper, we demonstrate that this parameter
does not need to be small and fixed. Moreover, the choice of this parameter has a considerable impact on the
performance of NMF. This parameter does not only protect the Hessian QA against its possible singularity
but steers the character of the updates. Using the Levenberg-Marquardt method, we replace QA in (7) with
QA + λIJ , and the solution to the updated system for aij > 0 can be expressed in the matrix form by the
quasi-Newton iterations:

A ← A−GA(XXT + λIJ)−1, s.t. aij > 0, (15)

where GA = ∇AD(Y ||AX) = (AX − Y )XT is a gradient of D(Y ||AX) with respect to A.
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Note that if λ is large, the iterations (15) can be modeled by

A ← A− 1
λ

GA, s.t. aij > 0, (16)

and for this case we have PG updates [1] or the Landweber iterations with a very small step size.
Let X = UΣV T be a singular value decomposition of X, where Σ = [ΣJ 0] ∈ RJ×T and ΣJ = diag(σj) ∈

RJ×J contains singular values of X. The approximation obtained in the k-th iteration by (16) can be expressed
by

A(k) = Y V

[
Σ−1

J

0

]
Φ(k)UT , (17)

where Φ(k) = diag{φ(k)
j }. The filter factors for (16) are given as φ

(k)
j = 1 −

(
1− σ2

j

λ

)k

, and for j ∈ {1, . . . , J}
and k = 1, 2, . . .: we have 0 < φ

(k)
j < 1. If λ > σ2

1 , φ
(k)
j may be small even for the first iteration. Usually we

start the iterations from λ >> σ2
1 , and for this case φ

(k)
j is small and only slightly increases with k. The solution

is approximated only with the components that correspond to large singular values – usually the largest ones.
This phenomena probably accounts for a stagnation we observed after a few iterations, starting from a large
value of λ.

When a stagnation in the residual error is observed, we need to decrease the damping parameter λ to let the
smaller singular values participate at a higher degree in the updating process. Thus, we propose the following
strategy for setting this parameter: (1) Set λ to a large value, e.g. λ = 104, (2) Initialize the alternating
optimization process and estimate the residual error: r(k) = ||Y −A(k)X(k)||F /||Y ||F in the k-th iterative step,
(3) If c(k) = r(k−1) − r(k) < τ for k > k1: λ ← λ

2 and continue the iterations until the next stagnation point
occurs, (4) If cl < 0 for ∀l ∈ {k − 2, k − 1, k} and for k > k2, terminate the iterations.

The pseudo-code of our Damped Newton (DN) algorithm is given in Algorithm 1.

4 Experiments

The algorithm is tested for some Blind Source Separation (BSS) problems. Two different benchmarks of non-
negative signals are used to demonstrate the efficiency of the proposed algorithm. The benchmark A (the file
ACsincpos10.mat) contains 10 synthetic spectra from NMFLAB [21]. The spectra, which are represented by
the matrix X, are mixed with the random mixing matrix A ∈ R30×10, where randomly 30 percent of its entries
are set to zero. The mixed data is then corrupted with a zero-mean Gaussian noise with SNR = 20[dB]. The
benchmark B contains 40 sparse nonnegative random signals with the sparsity of about 80 percent. The signals
are mixed with the random mixing matrices A ∈ RI×40 with a different number of rows. We presented the
results for I = 50 and I = 80. For both matrices, sparsity(A) = 0.3.

The DN algorithm is compared with the following ones: ALS, FNMA(I) (proposed by Kim et al in [18]),
LPG [14], and QP-NMF (λ = 100, 4 inner iterations) [20]. In the DN algorithm we set the following parameters:
λ = 104, τ = 10−6, k1 = 3; k2 = 30, and kmax = 500. Each algorithm is initialized 100 times with uniformly
distributed random matrices. The quality of the estimates for the columns in the mixing matrix A is measured
with the Signal-to-Interference Ratios (SIRs) that are calculated according to [1].

The results obtained for the benchmark A are illustrated in Figs. 1–2, whereas the results concerning the
benchmark B are given in Fig. 3. Fig. 1(a) presents the statistics (box plots) for the mean-SIRs averaged over
10 columns in A. The statistics for the column in A that is estimated with the worst SIR in each Monte Carlo
trial is shown in Fig. 1(b). The normalized residual error versus iterations is presented in Fig. 2 for various
algorithms applied to the benchmark A. Our algorithm is intended for solving weakly redundant problems. Fig.
3 illustrates the effect of using a different number of observations. Fig. 3(a) shows the SIR results for weakly
redundant observations (I = 50 and J = 40) whereas Fig. 3(b) presents the results for the case where the
number of observations is doubled with respect to the number of the source signals (I = 80 and J = 40).

The computational complexity expressed in terms of the averaged elapsed time measured in MATLAB for
the benchmark B (I = 80 and J = 40) and 100 iterations with the following algorithms: ALS, FNMA(I), LPG,
and DN, amounts to 3.1, 42.3, 52.8, and 9.1 seconds, respectively.
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Algorithm 1: Damped Newton algorithm
Input : Y - data matrix, J - low rank of factorization, λ - initial damping parameter, τ - stagnation threshold,

k1 - minimum number of iterations for the first switching in damping, k2 - minimum number of
iterations, kmax - maximum number of iterations

Output: Factors A and X

Data: Initialize randomly A(0), X(0), and set k = 0
repeat1

k ← k + 1 ;2

begin Update for A3

Q
(k)
A = II ⊗X(k−1)(X(k−1))T + λIIJ , c

(k)
A = −vec(X(k−1)Y T ) ;4

Compute Z
(k)
A with (10) and D

(k)
A with (9) ;5

Q
(R)
A = D

(k)
A Q

(k)
A D

(k)
A −D

(k)
A + IIJ and c̄

(R)
A = D

(k)
A c̄

(k)
A ;6

Solve the system (8) with the projected CG method ;7

A(k) = Matrix(ā(R)) ;8

end9

begin Update for X10

P
(k)
X = ((A(k))T A(k))−1(A(k))T (A(k)X(k−1) − Y ) ;11

Compute Z
(k)
X with (13) ;12

X(k) =
[
X(k−1) − P

(k)
X ¯Z

(k)
X

]
+

;
13

end14

Compute d
(k)
j = ||a(k)

j ||2 where a
(k)
j is the j-th column vector of A(k) ;15

Scale A(k) ← A(k) diag{(d(k)
j )−1} ;16

Scale X(k) ← diag{d(k)
j }X(k) ;17

r(k) = ||Y −A(k)X(k)||F
||Y ||F

;18

For k > 1, compute c(k) = r(k−1) − r(k) ;19

if c(k) < τ and k > k1 then20

λ ← λ
2

;21

until k ≤ kmax or c(l) < 0 for ∀l ∈ {k − 2, k − 1, k} and k > k2 ;22
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Fig. 1. SIR statistics for the estimation of the columns in A using various algorithms (ALS, QP-NMF, FNMA(I), LPG,
DN) and the benchmark A (I = 30, J = 10): (a) mean over the columns; (b) worst column.
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FNMA(I), LPG, DN).

5 Conclusions

The proposed algorithm considerably outperforms the ALS, FNMA(I) and QP-NMF algorithms with respect
to the mean-SIR as well as the worst-SIR measures. In comparison to the LPG, we obtained similar mean-
SIR performance but only for highly redundant data. When the number of observations is comparable with the
number of true sources (see Fig. 3(a)) the DN algorithm substantially outperforms the LPG. Our algorithm also
seems to be less sensitive to initialization than the LPG algorithm. To get even more stable results with the DN
algorithm, we need to decrease the tolerance τ for stagnation switching or to increase the damping parameter λ.
Obviously, this leads to much slower convergence, so a higher number of iterations is needed. When λ > 104, we
usually need more than 100 iterations to obtain acceptable results. This behavior is confirmed in Fig. 2. With
respect to the computational cost, the DN algorithm gives a leader position only to the ALS algorithm (which
is obvious and fully expected) but it is much faster than the LPG and FNMA(I) provided that the redundancy
is not very high.

Hence, with respect to many factors, we believe the DN algorithm outperforms all the tested algorithms.
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Abstract. In the world demining field, ground penetrating radar (GPR) systems are expected to visualize
antipersonnel plastic landmines and distinguish them from iron fragments and soil clods. We previously
proposed an adaptive texture-classification GPR based on a complex-valued self-organizing map (CSOM).
In this paper, we propose a landmine-class identification method utilizing CSOM-space topology that
reflects the total similarity of feature-vector values including the SOM-space structure constructed through
self-organization. Experiments demonstrate that the proposed method can identify the landmine class to
show where a landmine is buried even under a low-resolution and high-noise observation condition.

1 Introduction

Because of the noncontact and nondestructive manner of observation, ground penetrating radar (GPR) systems
have wide application fields such as detection of buried objects, ruin surveillance, and groundwater investigation
[1] [2]. Though GPRs can basically applicable to plastic landmine detection, there is still difficulty for practical
use. Many research groups investigate to improve the performance [3] [4] [5] [6] [7] [8].

Metal detectors based on electromagnetic induction use low frequency electronics and, hence, the penetration
is deep. They are widely used presently because most of plastic landmines contain small portion of metals at the
detonator. Contrarily, GPRs using high-frequency radiation have a shorter penetration depth. However, they
can acquire the features of scattering and reflection with a higher resolution. Therefore the combination of a
metal detector and a GPR is expected to be powerful equipment in practical use, where the GPR takes charge
of distinction of landmines from other metal scatterers or uneven ground-surface reflection. Such distinction
ability has to be enhanced in GPRs.

We previously proposed adaptive frequency-stepped radar systems using complex-valued neural networks
[9] [10]. We observe scattering and/or reflection three dimensionally (two-dimensionally in space by one-
dimensionally in frequency) by coherent active imaging technique. Then we extract local textural features,
just like our early vision does, from the complex-amplitude three-dimensional image data, and feed the result
to a complex-valued self-organizing map (CSOM) to classify the local texture adaptively [11] [12]. The class
labels are mapped backward to real space image in which where a landmine is buried, if any. In the system, we
identified the landmine class by using tandem associative memories [13]. However, in the first (most prototype)
system, we employed a mechanical scanning which required a long observation time.

Then the second system equipped with an electronically-scanned 12×12-element antenna array to reduce
the observation time and to realize the portability [14] [15] [16] [17]. In the portable system, however, we
found that, in some observation in difficult situation such as for wet laterite soil cases, we sometimes failed in
the identification because of the low spatial resolution and the lower orthogonality among the feature vectors.
Besides, we often required a long time for the identification because of the large number of combination arising
from (the number of SOM classes) × (the number of teacher (sample) situations of observations).

In this paper, we propose a novel landmine-class identification method. It utilizes an advantage of the ring-
CSOM we proposed before [16], that is, the topological fact that similar textural features belong to neighboring
classes in the SOM space. In this method, we evaluate the degree of total similarity, or conformity, by comparing
whole the CSOM weights as well as the weights’ neighboring structure at once, instead of the tandem associative
memories. We demonstrate in experiments that our proposed method can identify the landmine class more stably
with a smaller calculation cost.

2 System construction and proposal

We first describe the overall signal processing in our GPR system, and review briefly the previous method to
identify landmine class by using tandem associative memories. Then in Section 2.4 we propose our new method
of identification based on the degree of conformity in the CSOM space. We also evaluate the calculation cost in
Section 2.5.
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2.1 Overall signal processing in our GPR system

Figure 1 is a rough flowchart showing the total processing conducted in our previous or novel GPR system.
First we acquire the scattering / reflection image in three dimension, i.e., (two-dimension in space) × (one-
dimension in frequency), over a wide frequency band using coherent active imaging technique. Then we extract
the textural features by calculating the correlations between pixel values in respective local areas in space and
frequency domains. We feed the obtained feature vectors to a CSOM to classify adaptively the features, and
obtain a segmented space image by projecting backward the classification result to the space image. In parallel,
we identify the landmine class by using teacher (sample) data to visualize the landmine area [14] [15].

2.2 Brief review of adaptive classification of three-dimensional complex-valued textures by
using the CSOM

A ring-CSOM [16] is used for the preprocessing to classify the texture in both of our previous and novel systems.
We review the dynamics briefly. Figure 2 shows the ring structure of the ring-CSOM where we have 10 neurons
for classification of features into 10 classes. In Fig.2, wc ≡ [w1, ..., wN ]Tc denotes the N -dimensional weight
vector representing the textural feature of class c (c = 1, .., C), where [·]T stands for transpose, and C=10 in
the present case.

The dynamics of the self-organization in the CSOM is expressed as follows.

wĉ(t + 1) = wĉ(t) + α(t)(x−wĉ(t)) (1)
wĉ±1(t + 1) = wĉ±1(t) + β(t)(x−wĉ±1(t)) (2)

α(t) = α(0)
(

1− t

T

)
(3)

β(t) = β(0)
(

1− t

T

)
(4)

wĉ(t) : reference vector of the winner class ĉ
wĉ±1(t) : reference vector of the neighbor class ĉ± 1
x : input feature vector
t : iteration number in self-organization
T : maximum iteration number
α(t) : self-organization coefficient for the winner
β(t) : self-organization coefficient for the neighbors
C : number of the neurons in the CSOM

Since the total neuron number is small (C=10), we define the neighbors of the winner class ĉ as the nearest
ones ĉ ± 1. Unlike the K-means algorithm which we employed in our early works, the CSOM including the
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neighbors’ self-organization improves the classification performance. At the same time, the dynamics places the
reference vectors wc in the order that reflects the similarity among the features, i.e., in such a manner that
similar features belong to neighbor classes. We intend to utilize this ring-shaped similarity in the CSOM space
to evaluate the landmine class identification.

2.3 Previous method: Identification of landmine class by using tandem associative memories

In the previous system, we employed tandem associative memories [13], explained in this section, for the identi-
fication of the landmine class. With pre-experiments of data acquisition for known landmine areas, we prepared
a set of sample (teacher) data before we process an unknown data set. Then, first we chose a data in which the
observation situation as a whole was most similar to that of the unknown data. Afterwards we examined the
similarity of classes of the unknown data by comparing the classes in the most similar data including a known
landmine class. That is, we had double stages of evaluations of (i) the data-set similarity including circumstances
such as soil and burial situations and (ii) the class similarity in the most similar set of data, resulting in a large
calculation cost. In addition, the results sometimes suffer from the low resolution and low orthogonality caused
by the array antenna of the portable system.

2.4 Proposal: Identification of landmine class based on the degree of conformity in the CSOM
space

Our new proposal solves the above problems by utilizing the order of the weight sequence in the CSOM space
so that we can evaluate the class similarity at one time. We propose a method to evaluate the likelihood that
a class represents a landmine by calculating the degree of conformity of the CSOM neuron weights (reference
vectors) in the CSOM result for the sample signal sets W s ≡ [w1, ...,wC ]s (s = 1, ..., S) (sample weight sets)
and that for the unknown signal set under test W ≡ [w1, ...,wC ] (unknown weight set) in which landmines
should be visualized, if any.

For the sample signal sets, we know beforehand which class or classes indicate a landmine. In the following
description, we assume a landmine class as c0 for respective sample signal sets. Figure 3 illustrates how we
calculate the degree of conformity. First we calculate the covariance Rs(r) between a s-th sample CSOM weights
and the unknown CSOM weights rotated by r-steps in the CSOM space as

Rs(r) = Re (Tr(W (r)W ∗
s)− < Tr(W (r)W ∗

s) >r) (5)
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Table 1. Parameters of the target and the system

Target (Plastic landmine)

Size 78mmφ, 40mm high
Burial depth 2 ∼ 3cm

System

Antenna height 2 ∼ 3 cm above ground
Number of feature classes C = 10

Initial self-organization coefficients α(0) = 0.4
β(0) = 0.1

Maximum self-organization iteration T = 10
Sample (teacher) signal number S = 5

where Re(·) and Tr(·) stand for real part and trace, respectively,

< Tr(W (r)W ∗
s) >r≡ 1

C

C−1∑
r=0

Tr(W (r)W ∗
s) (6)

and

W (r) : matrix consisting of vectors of CSOM weights wc, r-step rotated in the CSOM space,
obtained for the unknown signal set

W s : matrix consisting of vectors of CSOM weights wc obtained for s-th sample signal set

We calculate the covariance values for all the possible rotation steps r for the unknown data set in which we
want to identify the landmine class. When we have 10 classes (C=10), we have 0 through 9 possible rotation
steps.

After calculating the covariance Rs(r) for all the S sample sets, we obtain an averaged covariance R(r) as

R(r) =< Rs(r) >s=
1
S

S∑
s=1

Rs(r) (7)

Finally we regard the landmine likelihood of the {(c0 − r) mod 10}-th class of the unknown signal set as
the value of R(r) with r-step rotation, and we color (in grayscale) the CSOM-segmented real-space image with
R(r) values to indicate the landmine area. For example, when the landmine class in a sample signal set is c0 = 3,
then we assign to the class 6 of the unknown signal set the value R(7).

This treatment realizes the average of the suggestions obtained by respective sample signal sets. At the same
time, if there are some sample data sets that does not show significant indication, their effect is reduced in the
summation process. This mechanism works well to indicate the landmine class likelihood.

2.5 Calculation cost

The calculation in Section 2.4 requires a calculation cost of only O(SC). Contrarily, the conventional method
(tandem associative memory) [13] requires O(lSC!)) where l denotes the average iteration number required for
convergence in the associative memories. It is found that the calculation cost of the proposed method is smaller
than that of the conventional one.

3 Experiment

We present typical results obtained in a series of experiments in a heavily wet laterite-soil landmine field. Here
we prepared 6 signal sets corresponding to observations of land area including a single plastic landmine TYPE
72. We regard one signal set as unknown data, while other 5 as sample signal sets. Table 1 lists the parameters
of the target and our proposed visualization system. Among the parameters, we determined the initial self-
organization coefficients α(0) and β(0) empirically. We buried a plastic landmine for every observation, almost
at the center, so that the soil condition including clods and stones, as well as the burial angle, are changing
observation by observation. The roughness of the ground surface is about 2cm peak-to-peak in the height.

Figure 4 shows one of the six signal sets, which we assume unknown signal set here. Each color indicates a
class, as shown in the color bar. Neighboring classes suggest similar features. In this case, class 1 (red) shows
the landmine class area. We regard other five signal sets as sample signal sets.
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Figure 5 shows the covariance Rs(r) obtained for the signal set shown in Fig.4 with other five sample signal
sets s=1 – 5. We assigned an identical landmine-class number to all the sample sets in such a way that their
landmine class corresponds to the landmine class in the unknown test signal set when r = 5.

In Fig.5, we find that we have a peak at r = 5, or r = 4 or 6 for any samples. As a whole, we can see the
tendency to have the maximum at r = 5, though it may not always exact. In other words, the covariance Rs(r)
become mostly the maximum when the landmine class in the sample signal set faces to the landmine class in
the unknown signal set in the rotation in the CSOM space. The result suggests that the similar features of the
weights neighboring in the CSOM space cooperate to indicate a high correlation as a whole. By averaging Rs(r)
over all the sample data sets, we obtain the average covariance R(r) in (7).

Figure 6 is the result of the averaged covariance R(r) mapped to the segmented image in Fig.4 in grayscale.
The brightness is expected to suggest the landmine likelihood. Actually, the landmine is buried at the center,
which corresponds to the brightest region. The experiment demonstrates good identification of the landmine
class even in such a bad observation conditions with a small calculation cost.

4 Summary

This paper proposed a method to identify the landmine class based on the degree of conformity of the total
CSOM weights. With this method, the similar features of the weights neighboring in the CSOM space cooperate
to indicate a high correlation of the whole signal set, even if the signal sets have been obtained in low-resolution
and low-orthogonality conditions, resulting in a correct, stable identification of the landmine area. The calcula-
tion cost is smaller than that of our previous tandem associative-memory method.
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Abstract. In cloud computing resource allocation and scheduling of multiple composite web services is an important
challenge. This is especially so in a hybrid cloud where there may be some free resources available from private clouds
but some fee-paying resources from public clouds. Meeting this challenge involves two classical computational prob-
lems. One is assigning resources to each of the tasks in the composite web service. The other is scheduling the allocated
resources when each resource may be used by more than one task and may be needed at different points of time. In
addition, we must consider Quality-of-Service issues, such as execution time and running costs. Existing approaches to
resource allocation and scheduling in public clouds and grid computing are not applicable to this new problem. This pa-
per presents a random-key genetic algorithm that solves new resource allocation and scheduling problem. Experimental
results demonstrate the effectiveness and scalability of the algorithm.

1 Introduction

“Cloud computing” [1] is an Internet-based computing paradigm driven by economies of scale, whereby a pool of compu-
tation resources, usually deployed as web services, are provided on demand, in the same manner as public utilities. This
paradigm provides an economical way for an enterprise to build new composite web services.

A composite web service is composed of two or more component web services, which can be provided by the private
cloud owned by the enterprise, a number of public clouds, or both. Such a computing environment is called a hybrid cloud
in this paper and is illustrated in Figure 1.

Component web services provided by the private cloud and the public clouds have the same functionality, but may
have different Quality-of-Service (QoS) values, such as response time. In addition, in the private cloud a component web
service may have a limited number of instances of the same component web services, each of which may have different
QoS values. In public clouds, a component web service has a large number of instances of the same component web
service. The QoS values of the instances of the same component web services in the same public cloud are identical.
However, the QoS values of instances in different public clouds may vary.

There may be many composite web services in an enterprise. Each of the component web services in the composite
web services needs to be allocated an instance of the component web service. One instance of a component web service
may be allocated to more than one component web service in the composite web services as long as it is used at different
times. This is the so called component web service allocation problem.

In addition, in order to maximize the usability of the component web services in the private cloud and minimize the
cost of using component web services in public clouds, allocated component web service instances can only be used for a
fixed period of time. Thus, this involves scheduling those allocated component web service instances. This is the so called
component web service scheduling problem.

There are two typical QoS-oriented component web service allocation and scheduling problems in the hybrid cloud.
One is finding a resource allocation and scheduling plan which can minimize the total cost of the composite web services
satisfying given response time constraints on each of the composite web services, called the deadline constraint problem
in this paper; another is finding a resource allocation and scheduling plan which minimizes the total response times of
the composite web services satisfying a total cost constraint, called the cost constraint problem. These two component
web service allocation and scheduling problems can be categorized into resource allocation and scheduling problems.
Although resource allocation and scheduling problems of various kinds have been studied in the context of public clouds
and in grids [2–4], the two component web service allocation and scheduling problems are not the same, and existing
solutions to those resource allocation and scheduling problems in public clouds and grids cannot be used immediately.
This paper presents a random-key genetic algorithm which solves this new resource allocation and scheduling problem.

2 Problem Description

Inputs

1. A set of composite services W = {W1,W2, . . . ,Wn} modelled by directed acyclic graphs (DAGs), where n is the
number of composite services. Each composite service consists of several abstract web services. We define Oi =
{oi,1, oi,2, . . . , oi,ni

} as the abstract web services set for composite service Wi, where ni is the number of abstract
web services contained in composite service Wi.

29

Volume 12, No. 1 Australian Journal of Intelligent Information Processing Systems



Service Service Service

Service Service Service

Private Cloud

Service

Enterprise

Service Service

Service Service Service

Public Cloud

Service Service Service

Service Service Service

Public Cloud

Composite web services

Fig. 1. Hybrid cloud

2. A set of candidate cloud services Si,j for each abstract web service oi,j , such that Si,j = Su
i,j∪Sv

i,j . Here, Sv
i,j denotes

the set of candidate private cloud services for abstract web service oi,j , such that Sv
i,j = (Sv

i,j,1, S
v
i,j,2, . . . , S

v
i,j,`),

where ` is the number of candidate private cloud services. Set Su
i,j denotes the candidate public cloud services for

abstract web service oi,j , such that Su
i,j = (Su

i,j,1, S
u
i,j,2, . . . , S

u
i,j,m), where m is the number of candidate public

cloud services.
3. A response time and price for each public cloud service Su

i,j,k, denoted by tui,j,k and cu
i,j,k respectively, and a response

time and price for each private cloud service Sv
i,j,k, denoted by tvi,j,k and cv

i,j,k respectively.

The deadline constraint problem

Output An allocation and scheduling plan X = {Xi | i = 1, 2, . . . , n}, such that the total cost Cost(X) is minimal. Let
Xi denote an allocation and scheduling plan for composite service Wi, such that,
Xi = ((Mi,1, Fi,1), (Mi,2, Fi,2), . . . , (Mi,ni

, Fi,ni
)),

where Mi,j represents the selected cloud service for abstract web service oi,j and Fi,j represents the finishing time of an
instance of abstract web service oi,j . Equation 1 gives the definition of total cost for a composite service.

Cost(X) =
n∑

i=1

ni∑
j=1

Cost(Mi,j) (1)

Constraints Provision of web services is subject to both precedence and resourcing constraints, and all composite services
are subject to deadline constraints.

Fi,k ≤ Fi,j − di,j , where j = 1, . . . , ni and k ∈ Prei,j (2)

∑
j∈A(t)

rj,m ≤ 1, where m ∈ Sv
i,j (3)

Fi,ni
≤ di (4)

In Equation 2, set Prei,j denotes all abstract web services which must execute before the abstract web service oi,j .
Equation 2 imposes the precedence relationships between abstract web services.

In Equation 3, set A(t) denotes the abstract web services being used at time t. We let rj,m = 1 if abstract web service
j requires private cloud service m to be processed and rj,m = 0 otherwise. Equation 3 states that each private cloud
service can only process one abstract web service at a time.

In Equation 4, di denotes the deadline promised to the customer for composite service Wi. Fi,ni
is the finishing time

of the last abstract service of composite service Wi, that is, the execution time of Wi. Equation 4 imposes the deadline
constraint for each composite service.

The cost constraint problem
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Output An allocation and scheduling plan X = {Xi | i = 1, 2, . . . , n}, such that the total response time Time(X) is
minimal.

Time(X) =
n∑

i=1

(Fi,ni
) (5)

Equation 5 defines the total response times for all composite services.

Constraints Provision of web services is subject to both precedence (Equation 2) and resourcing constraints (Equation 3),
and the cost is subject to a total cost constraint defined by Equation 6, in which Costconstraint denotes the total cost
constraint.

Cost(X) ≤ Costconstraint (6)

3 A Random-Key Genetic Algorithm for Hybrid Cloud Services

We use a random-key genetic algorithm (GA) to solve the hybrid cloud allocation and scheduling problem. Its main fea-
tures include: 1) a random-key representation to facilitate the maintaining of individuals’ feasibility, which is considered
to be difficult in a sequencing problem as studied here; 2) and a modified decoding procedure based on the traditional
decoding procedure [5] to handle unconstrained resources, i.e., the public cloud services, so as to make more efficient use
of them. In the following parts of this section, we introduce our GA in detail.

3.1 Random-Key Genetic Encoding

We encode each individual (or chromosome) as a list of N real numbers, where N is the number of abstract web services
involved in all composite web services. Each gene in the chromosome corresponds to an abstract web service. The value
of a gene consists of two parts: 1) an integral part, indicating which service is assigned to the abstract web service, among
a set of candidate web services that could be used by the abstract web service, and 2) a fraction generated randomly in
range [0, 1), used as a sort key, determining the order of the web service in the schedule. The sort key of a gene represents
its corresponding abstract web service’s priority to occupy a cloud service, when there are multiple abstract web services
competing for the same cloud service. The abstract web service with the lowest priority value has the highest priority to
occupy the cloud service among all competing services.

In on our method, a problem with two composite service (see Figure 2, in which one composite service has five abstract
services and the other has four abstract services) can be encoded as a real number list with nine (the number of abstract
web services). In the sample chromosome, the value of gene A1,1 is 2.45, the integer part of which means that abstract
web service A1,1 uses the cloud service with index 2 in the set of abstract web service A1,1’s candidate cloud services,
and the fractional part means that the priority of abstract web service A1,1 to use the cloud service is 0.45. Abstract web
service A2,1 has the same functionality (namely task T1) as abstract web service A1,1 but has gene value 2.71, which
means it also uses cloud service 2 and its priority is 0.71. According to this scenario, abstract web service A1,1 will use
the cloud service first when both of them want to use it at the same time.

3.2 Decoding

We modified the classical decoding algorithm proposed by Bierwirth and Mattfeld [5] to sequence the abstract web
services which use public cloud services. This variation is imperative because existing algorithms cannot cope with public
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cloud services, which have no well-defined bounds, unlike limited private cloud services. A common assumption made
by existing algorithms is that a service (resource) can only be used by one abstract web service at any time. For a public
cloud service, however, this is not the case, because a ‘single’ service can be used by multiple abstract web services at the
same time thanks to the visualization technology used by public cloud service providers.

The notations used in the procedure include: 1) oij , the jth abstract service of composite service i; 2) σij , the earliest
starting time of abstract service oij ; 3) pij , the processing time of abstract service oij ; 4) and τij , the earliest completion
time of abstract service oij .

1. Construct the set of all abstract services that are ready to be scheduled, A := {oij | 1 ≤ i ≤ N}.
2. If there exist abstract services in A using public cloud services:

(a) Randomly select an abstract service o∗ij from A which uses a public cloud service.
(b) Append abstract service o∗ij to the schedule and calculate its starting and completion time.
(c) If a successor o∗ij+1 of the abstract service o∗ij exists, insert it into A, i.e., A := A ∪ {o∗ij+1}.

3. Determine τ∗ = min{τij |oij ∈ A} and the cloud service m∗ on which τ∗ could be realised.
4. Build a set B from all abstract services in A which are processed on m∗ and then determine σ∗ = min{σij | oij ∈

B}.
5. Build a set C in accordance with parameter θ such that C := {oij ∈ B | σij ≤ θτ∗ + (1− θ)σ∗, 0 ≤ θ ≤ 1}.
6. Select the abstract service o∗ij from C which has the highest priority (determined by the sort keys of current individual

being decoded) among abstract services in C and delete it from A, i.e., A := A− {o∗ij}.
7. Append abstract service o∗ij to the schedule and calculate its starting and completion time.
8. If a successor o∗ij+1 of the abstract service o∗ij exists, insert it into A, i.e., A := A ∪ {o∗ij+1}
9. If A 6= φ, go to Step 2. Otherwise, terminate.

A major difference between our algorithm and existing ones is the introduction of an extra step (Step 2), which
processes abstract web services consuming public cloud services. The basic idea behind our algorithm is that we can
schedule abstract services which use public clouds in the set of abstract services which are ready to be processed (namely
the abstract services in A), because scheduling public abstract services will not delay other abstract services. After these
abstract services have been scheduled, the remaining abstract services in A can be scheduled in the usual way.

3.3 Fitness Function

For the deadline constraint problem, the fitness function is defined by Equation 7, in which V (X) denotes the total
constraint violation degree for composite services.

Equation 8 gives the definition of V (X), where Vi(X) defined by Equation 9 stands for the constraint violation degree
for composite web service Wi.

Fitness(X) =
{

FCost
Max /Fobj(X), if V (X) ≤ 1;

1/V (X), otherwise. (7)

V (X) =
n∏

i=1

(Vi(X)) (8)

Vi(X) =
{

Fi,ni
/di, if Fi,ni

> di;
1, otherwise. (9)

In Equation 7, V (X) ≤ 1 means there is no constraint violation. V (X) > 1 means some constraints are violated,
and the larger the value of V (X), the higher the degree of constraint violation. FCost

Max is the worst Fobj(X) (namely the
maximal total cost) among all feasible individuals in current generation. FCost

Max /Fobj(X) is to scale the fitness value of
all feasible solutions into range [1,∞). Using Equation 7, we can guarantee that the fitness of all feasible solutions in a
generation are better than the fitness of all infeasible solutions. In addition, the lower total cost for a feasible solution, the
better fitness the solution will have. The higher degree of constraints that are violated by an infeasible solution, the worse
fitness the solution will have. For the cost constraint problem, the fitness function can be defined in the similar way and
its definition is omitted here due to space limitation.

3.4 Genetic Operators and Elitist Selection

Our algorithm adopts a uniform crossover. The mutation is used in a broader sense than usual — we introduce a small
number of randomly generated new individuals into the next generation, rather than conducting gene-by-gene mutation
as is done usually. Elitist selection that preserves the best certain number of individuals is also adopted to increase perfor-
mance.
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4 Experimental Results

Simulation experiments were conducted to evaluate the effectiveness and scalability of our algorithm. The experimental
settings for our GA are as follows: both the population size and the maximal generations were 200; the percent of the
elitist selection was 2%; 83% of new individuals in the next generation are generated by crossover operator; 15% of new
individuals in the next generation are randomly generated. These parameters were obtained through trials on randomly
generated test problems.

To evaluate the scalability of our GA, we applied it to a number of test problems with different sizes. The problem
size of a multiple composite service resource allocation and scheduling problem depends on three factors: the number
of composite web services, the total number of abstract services, and the number of candidate services for each abstract
service. Therefore we constructed three sets of problem, each designed to evaluate how one of the factors affects the
computation time of the GA.

4.1 Test example one

We constructed five test problems with different numbers of composite web services, ranging from 5 to 25. In each
problem, all composite web services contain 10 abstract web services, with 5 candidate cloud web services for each
abstract web services. For each test problem, we set a deadline constraint for each composite services involved in the
problem to construct a deadline constraint problem. A deadline constraint D using the method proposed by Yu and
Buyya [3] where D = (Dmax + Dmin)/2. Here, Dmax is the largest average execution time for a composite service,
obtained using the cost optimisation algorithm [3] to solve the cost optimisation problem without deadline constraint.
Dmin is the smallest average execution time for a composite service, obtained using the execution time optimisation
algorithm [3] for the time optimisation problem without cost constraint. Considering the stochastic nature of GAs, we ran
our algorithm 10 times for each of the test problems. In each run, our algorithm always found a feasible solution. How the
number of composite services affected the computation time of our GA is depicted by Plot 1 of Figure 3. It can be seen
that the computation time of our GA increased from 25.57 seconds to 205.31 seconds when the number of composite web
services increased from 5 to 25. The computation time increases almost linearly as the number of composite web services
increases.

We also use the test problems to test the cost constraint problem. The cost constraint was set using the cost optimisa-
tion algorithm [3] and the execution time optimisation algorithm [3] for the cost optimisation problem without deadline
constraint and time optimisation problem without cost constraint, respectively, equals the average value of the total cost
for all composite services found by the two algorithms. Our algorithm also found feasible solutions for these problems,
and the computation tread is the same with the tread of the algorithm for deadline constraint problem.

4.2 Test example two

We used five test problems with different numbers of abstract services in each composite service, ranging from 5 to 25 in
different tests. Each test has 10 composite web services. The number of candidate cloud web services for each abstract
web services is also 5. The deadline constraint and cost constraint were set similarly. The experimental results for different
numbers of abstract web services is shown in Plot 2. From the plot we can see that the computation time of our genetic
algorithm increased from 29.12 seconds to 148.15, as the number of abstract services in each composite service increased
from 5 to 25. The computation time’s growth is close to linear. For all these deadline and cost constraint problems, our
GA always found a feasible solution.

4.3 Test example three

Five test problems were used with different numbers of candidate cloud services for each abstract service, ranging from 5
to 25 in different tests. The number of composite and abstract web services was fixed. Plot3 reveals that the computation
time remained steady as the number of candidate web services for every abstract service increased, indicating that the
number of candidate services for each abstract web service has little impact on the computation time of our genetic
algorithm. Our GA always found a feasible solution for each test case with deadline or cost constraints.

From the above results,we can make the following conclusions: 1) our GA exhibits very good scalability. Its compu-
tation time increases almost linearly as the number of composite services, or the number of abstract services involved in
a composite service increases. The computation time is not affected by the number of candidate services for each abstract
one. 2) Our GA is effective. It can always find a feasible solution for deadline constraint and cost constraint problems with
a reasonable constraint.

5 Conclusion

In this paper we have solved a new multiple composite web service resource allocation and scheduling problem in a
hybrid cloud scenario where there may be limited local resources from private clouds and multiple available resources
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Fig. 3. Number of composite services, number of abstract web services in a composite web service, and number of candidate web
service for each abstract web service, versus the computation time of our genetic algorithm

from public clouds. To the best of our knowledge, this problem has not been considered previously. In particular, we have
presented a random-key genetic algorithm for the resource allocation and scheduling problem. This algorithm handles both
problems simultaneously. It has been tested empirically and the experimental results have demonstrated good scalability
and effectiveness.
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Abstract. Label ranking is considered as an efficient approach for object recognition, document classifi-
cation, recommendation task, which has been widely studied in recent years. It aims to learn a mapping
from instances to a ranking list over a finite set of predefined labels. Traditional solutions for label rankings
cannot obtain satisfactory results by only utilizing labeled data and ignore large amount of unlabeled data.
This paper introduces a novel Semi-Supervised Learning (SSL) framework by exploiting unlabeled data
to improve the performance. Under this framework, we also propose a new Information Gain Decision
Tree(IGDT) with aims to make full use of latent information and as such raise the efficiency and accuracy.
Then we outline our models involving another two algorithms, Instance Based Learning (IBL) and Mallows
Model Decision Tree (MMDT) within this framework. Experiment results demonstrate our approaches can
obtain a better performance comparing with only applying labeled data.

Key words: Semi-Supervised Learning, label ranking

1 Introduction

Label ranking [4] [12] is a complex predication task aims to learn a mapping from instances to a list of rankings
over a finite set of predefined labels. It can be viewed as a natural generalization of traditional classification
with the reason that once obtaining the list of rankings, the first label is the result of single-label classification,
and by setting a proper threshold of all labels, we can also get the result of multi-label classification [2]. A
good application of label ranking is recommendation system, where users share the similar characteristics (e.g.:
gender, age, occupation) will largely has the similar interests upon different movies (labels). The job of this
learning algorithm is to assign higher rankings to the more relevant movies.

Many approaches for label ranking have been proposed recently. Constraint classification learns a framework
capturing many flavors of multi-class classification including multi-label classification and ranking, and present
a meta-algorithm for learning in this framework [6]. Log-linear models for label ranking [4] assumes that each
instance in the training data is associated with a list of preferences over the label-set and learn a ranking
function that induces a total order over the entire set of labels. As to the ranking by pairwise comparison, a
binary preference model is learned for each pair of labels [7].

Even though those approaches have strong theoretical supports, they are limited to the supervised learning
paradigm. With enough labeled data, they have shown good performance. However, in the real-world label
ranking, unlabeled data are widely available. Another practical problem in label ranking is the distinctiveness
of unlabeled data. It is difficult to assign a complete ranking to each instance, and as such plenty data are
incomplete. Like the movie recommendation system, a common situation is that one user prefers action movie
to comedy, but without any information about the science fiction film and thriller. Here action movie, comedy,
science fiction and thriller are different labels in the system.

In this paper, we focus on another view to solve label ranking problem under the semi-supervised learning
(SSL) framework. SSL [8], as a popular research field, provides a framework to solve the classification problem,
including EM algorithm [5], graph-based methods [13], co-training methods [1]. The advantages of SSL is that
by combining few labeled data and a large amount of unlabeled data (latent information), it can predict labels
for unlabeled data. In this particular classification problem of label ranking, unlabeled data can be divided into
unlabeled ranking and partial ranking. Unlabeled ranking means that, all labels of the corresponding ranking
list are hidden, which is similar with the traditional unlabeled data. Partial ranking means only some labels
are obtainable of the ranking list, while some are unobtainable. In order to utilize the available information as
much as possible, we solve the label ranking problem by three methods under the framework of SSL.

In summary, our main contributions include:

1. Semi-supervised learning framework is firstly used for label ranking problem.
2. Based on the traditional information gain decision tree, we propose a new method in terms of the large

amount of unlabeled data in label ranking problem.
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In Section 2, we define the problem setup and introduce the SSL framework. Besides, we detail how three
SSL methods, information gain decision tree, instance based label ranking [3], Mallows model decision tree [3],
are applied to label ranking. In Section 3, we report the experimental comparisons and results. We conclude
the paper in Section 4.

2 Label Ranking and the framework of SSL

2.1 Notation and Problem Setup

Label ranking is the task of inferring a total order over a predefined set of labels for each unlabeled instance. We
denote the instance space as X and the label space as L = {li}n

i=1, where li ∈ {1, ..., n}. n denotes the number
of classes according to this data set.

Label Ranking Given a set of instances X = {xi}l+u+p
i=1 , where xi ∈ Rm, and whose corresponding ranking

is Y = {yi}l+u+p
i=1 . Each ranking yi stands for a permutation of all labels from L. We use yi(j) to denote

one single label, where j ∈ {1, ..., n}, and Â to denote the preference of different labels. n is the number of
classes and l + u + p is the number of instances.

According to this definition, yi(1)Âyi(2) expresses yi(1) is preferred to yi(2). Label ranking problem aims to learn
an order of rankings in the form of X → Y mapping. We denote the resulting permutation yi = (yi(1), ..., yi(n)).
Here yi can be viewed as a function from the identity permutation to another permutation.

Labeled Data We define the labeled data as X = {xi}l
i=1, where xi ∈ Rm, with the corresponding ranking is

Y = {yi}l
i=1, where yi, i ∈ {1, 2, . . . l} is an all permutation of Y from 1 to n.

Unlabeled Data We define the unlabeled data as X = {xi}l+u
i=l+1, where xi ∈ Rm, with the corresponding

ranking is Y = {yi}l+u
i=l+1. However, the label ranking information yi is missing or latent, where i ∈ {l +

1, l + 2, . . . l + u}. u is the number of unlabeled data.
Partial Data We define the partial data as X = {xi}l+u+p

i=l+u+1, where xi ∈ Rm, with the corresponding ranking
is Y = {yi}l+u+p

i=1+u+1. Each yi is a subset of all permutation from 1 to n, i ∈ {l +u+1, l +u+2, . . . l +u+p}.
p is the number of partial data.

To evaluate the predictive performance of the mapping function, a suitable loss function on Y is necessary.
Diverse methods are used to calculate this distance, here we select a popular one in statistics, which is called
Kendall tau rank coefficient [11] [9]. Suppose y and z are two rankings, we define the distance between them as
follows:

D(y, z) = #{(i, j)|(y(i)− y(j))(z(i)− z(j)) < 0}. (1)

D(y, z) will be equal to 0 if the two lists are the same and n(n - 1) / 2 (where n is the list size), if one list
is the reverse of the other. Often Kendall tau distance is normalized to [0,1] since it can be interpreted as a
correlation measure. Therefore, D(y, z) = 0 if and only if i and j are in the same order, D(y, z) = 1 if and only
if i and j are in the opposite order.

Now the objective of SSL label ranking problem is try to predict the rankings for ŷl+1, ŷl+2, . . . , ŷl+u+p.
A basic assumption is that the similarities lie in the features would also indicate some similarities in different
rankings. Based on this assumption, we will detail three models in the following parts.

2.2 Information Gain Decision Tree

Decision tree or a tree-like graph is one of the most popular and practical method in machine learning and
data mining. Two motivations of our paper to utilize decision tree are the convenience of getting result and
easy for chasing error. The induction of a decision tree is an iteration process. By calculating some splitting
criteria, the whole data set can be partitioned into two sub groups. The partition will not suspend until some
stopping standard is satisfied. Therefore, we will discuss three sub-problems of the algorithm in the following
three aspects.

(i) Find the candidates as splitting node for continuous attributes. C4.5 [10] creates a threshold and then
splits the list into those whose attribute value is above the threshold and those are less than or equal to it. To
select this threshold, first we sort the data for each dimension, and then determine adjacent examples whose
rankings are very dissimilar with each other. Then a series of candidate thresholds can be selected with the
median value of the adjacent examples.

(ii) Information gain is one of the most popular method to evaluate a splitting rule which requires to
assemble the number of instances belongs to each class. It is straightforward for the labeled data. However,
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incomplete data (partial and unlabeled) also involve some information should not be discarded. To utilize this
part of information, we want to find the probability of it belongs to every possible permutation. Here we use
{numi}n

i=1 and {meani}n
i=1 to denote the number of different rankings and the average value of instances for

each class. We use {z(i)}n
i=1 to denote complete rankings in order to judge whether a partial ranking is conflict

with complete rankings. Here conflict means there are no discordant pairs between two rankings. (iii) Another

Algorithm 1 Probability of Incomplete Data Belongs to Possible Permutations
Require:
Unlabeled data U = {xi}l+u

i=l+1. Partial data P = {xi, yi}l+u+p
i=1+u+1. The number of different classes n, threshold θ .

{z(i)}n
i=1. {meani}n

i=1. {numi}n
i=1.

1. for each incomplete data in xi, yi ∈ U, P do
if num(yi) 6= 0 then

if sim(xi, mean(yi)) > θ then
num(yi) ← num(yi) + 1. mean(yi) ← (mean(yi) + xi)/2

end if
else

if z(i) and yi are not conflict then
num(yi) ← num(yi) + 1. mean(yi) ← (mean(yi) + xi)/2

end if
end if

2. end for
3. return updated {num} and {mean}

challenge in our algorithm is the stopping criteria. A generalized common sense of splitting the source is to
make the subsets as dense as possible. Therefore, if all instances are not conflict with each other, then the tree
is viewed pure enough to stop training. Besides, to prevent over fitting, the building process should also be
stopped when the number of instances is small enough.

2.3 Instance Based Learning

The Mallows model [3] has been utilized to solve the label ranking problem, which belongs to the exponential
family. Given the model parameters z and θ, the probability of y can be expressed as follows:

P (y|θ, z) =
1

Φ (θ, z)
exp (−θD (y, z)) , (2)

where Φ (θ, z) =
∑

y∈Y exp (−θD (y, z)) is a normalization constant. z is the distribution’s model or center
ranking, and θ ≥ 0 refers to the dispersion degree.

In this sense, for each incomplete ranking y, we use E (y) to denote all possible permutations which are
not conflict with y. By further assuming that the independence of the observations, the probability of y given
neighbors {xi, yi}k

i=l with the parameter z and θ becomes:

P (y|θ, z) =
k∏

i=1

P (E (yi) |θ, z) =

k∏
i=1

∑
y∈E(yi)

exp(−θD(y, z))

(
n∏

j=1

1−exp(−jθ)
1−exp(−θ)

)k
. (3)

Due to the difficulty in deriving the parameter z and θ, a modified Expectation Maximum [5] algorithm
can be utilized to solve this problem. Starting from an initial center ranking z ∈ Y , the label information is
estimated for the incomplete data by comparing the distance between each possible extension and the center z
(E-step). And in the M-step, compute the new center ẑ of the distribution. The two steps should be repeated
until the center will not change at all. The final center will output as the prediction ranking for the query x.

2.4 Mallows Model Decision Tree

Based on the instance based model, another decision tree algorithm can be utilized to solve this problem.
Mallows model has two parameters, the center z and the dispersion parameter θ. By assuming both two sub
branches Tleft and Tright follow the Mallows model, we can get θleft and θright as the estimation of the dispersion
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degree. Besides, the size of tree is another crucial criterion. Therefore, we should balance against the purity and
the size, a tradeoff standard is to maximize

|Tleft| · |θleft|+ |Tright| · |θright|
|T | , (4)

where θleft, θright denotes the estimated parameters and |Tleft|, |Tright|, |T | denotes the size of corresponding
tree.

3 Experiments

In the experiments part, we apply those three algorithms under the SSL framework. A transductive inference
method for SSL has been utilized, thereby our job is to predict the label information for the unlabeled data and
partial data. The task of experiments is to observe the accuracy and efficiency of those three classifiers: Instances
Based Learning (IBL), Mallows Model Decision Tree (MMDT) and Information Gain Decision Tree (IGDT).
In this sense, we first partition each experiment into several parts in terms of the number of labeled data. Then
in each part, by continuous increasing partial data , we compare the performance variation comparing with
supervised learning result.

Considering lacking labeled ranking data, we use the multi-class and regression data sets downloaded from
UCI repository to imitate the benchmark data. For classification data, a Naive Bayes classifier is first trained
on the complete data. All the labels are then ordered with respect to the predicted class probabilities for each
instance. For regression data, a certain number of features is removed from the set of attributes. All attributes
are standardized and ordered by size to obtain the ranking. The value of every attribute is scaled into [−1, 1]
and the cosine similarity between any two profile vectors is calculated. Some characteristics have been listed in
Table 1.

Table 1. Data sets and their properties

data set attribute ]inst. ]attr. ]labels

iris real 150 4 3

glass real 214 9 7

vehicle real 1518 18 4

concrete real 1030 9 3

abalone real 4177 8 3

Some parameters should be set before training the algorithm. In order to approximate the real data set
as closely as possible, we train the parameters firstly by a ten-fold cross validation on a sub group of labeled
data which are selected randomly from the data set and then apply them in the whole data set by assuming
that parameters which have the better performance will also work well upon the whole data set. Besides, to
simulate the partial and unlabeled data, some labels are removed from the whole ranking randomly in terms
of the requirements of different experiments. When the probability of partial data is 0, the data set is involved
with labeled data and unlabeled data only. At that scenario, all data are trained under the supervised learning
framework. As for the SSL algorithms, we partitioned the remaining data into partial and unlabeled with equal
proportion. Other partitioned situations are not shown here due to the limited space.

The summary of results are shown in Table 2. We can see that all three methods under the SSL framework
are performed better than supervised learning, which means partial data and unlabeled data can improve the
classifier’s performance when enough labeled data are not obtainable. Besides, we can see that with the very
limited labeled data the two decision tree algorithms are not as good as the instance based learning (IBL)
algorithm especially when the number of partial data is not plentiful. We suspect the reasons lie in two aspects:
first, for the instance based learning, it will prefer to select the labeled instances as the neighbors to obtain
the useful information; second, no matter for IGDT and MMDT, both of them are intended to select an
attribute/value pair as the splitting criteria, thereby the information is so limited that it is difficult to select
such a proper criteria. However, with more labeled data are added into the data set, IGDT performs better
than MMDT and IBL obviously, which means that IGDT can make use of the limited information as much as
possible than other two algorithms.

Besides the accuracy, we also record the average time of iris data set under the matlab platform and the
Intel(R) Core(TM)2 Duo CPU E7400 @ 2.80 GHz, 3.21 GB of RAM. For the IBL, the average times for
supervised learning and SSL are 1.8478(s) and 0.8969(s), and for MMDT, the individual times are 43.0021(s),
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Table 2. Performance of the label ranking algorithms

data # of Supervised SSL Supervised SSL Supervised SSL

set labeled IBL IBL MMDT MMDT IGDT IGDT

10 0.5903 0.7126 0.5294 0.6604 0.5741 0.7382

iris 20 0.6861 0.7725 0.6154 0.7109 0.6519 0.8098

30 0.7121 0.8130 0.6519 0.7312 0.7019 0.8213

10 0.6366 0.7759 0.6279 0.7514 0.6468 0.7805

glass 20 0.6904 0.8071 0.6592 0.7684 0.6884 0.8085

30 0.7203 0.8230 0.6819 0.7901 0.7012 0.8139

10 0.3922 0.4380 0.3760 0.4186 0.3929 0.4231

concrete 20 0.4029 0.4390 0.3869 0.4266 0.4044 0.4431

30 0.4108 0.4476 0.3968 0.4358 0.4264 0.4875

10 0.5526 0.6203 0.5193 0.5870 0.5048 0.5663

vehicle 20 0.5625 0.6591 0.5209 0.6072 0.5595 0.5921

30 0.5772 0.7010 0.5296 0.6179 0.5896 0.6394

10 0.4821 0.7223 0.4606 0.6925 0.5239 0.7892

abalone 50 0.5361 0.7580 0.4948 0.7342 0.5596 0.8193

100 0.5372 0.7739 0.5093 0.7491 0.5887 0.8287

21.8474(s) and for IBDT, the average times are 2.9855(s), 2.6020(s). Both decision tree algorithms cost longer
time than instance based learning. Instance based learning is a lazy classifier, which need little time in the
building process while much more time in the prediction procedure. For the two decision tree algorithms, the
process of tree induction is a little time consuming especially when confronting more features and labels data
set. Besides, our proposed IGDT runs faster than MMDT conspicuously, the reason of which is that MMDT
depends on continuous iterations while IGDT depends on simple calculations.

In general, SSL is superior to supervised learning for label ranking. Besides, considering those three al-
gorithms, IBDT performs better than IGDT and IBL in most cases especially when more labeled data are
available.

4 Conclusions and Future Work

In this paper, we study the problem of label ranking, which is an efficient approach for object recognition,
document classification, recommendation task. Particularly, we introduce semi-supervised learning framework
for the first time. We also propose a novel IGDT algorithm. There are still various aspects in further studying the
algorithm. 1) Extending the current SSL framework to more algorithms. 2) Trying more distance measurement
of rankings, Kendall tau coefficient does not consider diverse significance of different labels in a ranking.
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Abstract. In this study, we examined the coordinate system used to represent visual targets during cursor-pointing 

movements. We asked subjects to point a mouse cursor at a memorized target under eye-fixation conditions. The 

endpoint errors of the pointing movements were spatially shifted toward the fixation-point location. Further analysis 

showed that for half of the subjects, the spatial properties of the errors were significantly influenced by the 

fixation-point location in reference to external space, but not in reference to internal space. If the subjects used 

egocentric coordinate, these results could not be consequences. Thus, we concluded that some of the subjects used 

allocentric coordinates to represent the visuospatial memory of a target location. 

Keywords: eye-centered coordinates; frame of reference; peripheral target; pointing movement. 

1   Introduction 

Visually guided intended movements require coordinate transformation. Information about the location of a target is 

initially represented on a retinotopic map and then transformed into motor commands. Research has indicated that the 

target location, which is represented in the retinal space, is transformed to a representation in head- or shoulder-centered 

coordinates to produce a motor command [1]. 

Recent studies have also suggested that eye-centered representations of memorized target positions play a major role 

in motor planning of pointing movements. With targets turned off during movements, those studies found that the 

endpoint errors of open loop (no visual feedback of the finger position) pointing movements under eye fixation 

conditions tended to shift away from the gazing position with free arm movement [2] and with a manipulandum [3]. 

In such studies, the term “eye-centered coordinates” has been used as a measure of a distance between a gazing 

position and a target position. This distance could be represented in two different ways by the brain; (i) that between the 

fovea and the target position projected on a retina, or (ii) that between the gazing position and the target position 

presented on the external space. However, these two possibilities, egocentric or allocentric coordinates, have not been 

distinguished from each other. To examine which coordinates are used to localize the target position, we focused on 

reference frames in this study. 

 

Fig. 1. The experimental design. (A) The transformation of coordinates. (B) Concept of the fixation point centered coordinates. 

(C) The experimental setup. (D) Time course of the tasks. The duration of the appearance of the fixation point F and target T (Thick 

black boxes) and the horizontal position of the eye and cursor (solid lines). 

                                                           
1 The corresponding author’s present address: Laboratory for Behavior and Dynamic Cognition, RIKEN Brain Science Institute, 

Hirosawa 2-1, Wako-shi, Saitama-ken 351-0198, Japan. E-mail: mkomatsu@brain.riken.jp. 
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1.1   The Logic Behind Experimental Design 

Coordinate systems are defined by a reference frame, an origin for the reference frame, and a set of base vector [1]. 

Here, we classified coordinate systems into two major categories: egocentric and allocentric coordinates. The origin of 

the egocentric coordinate system was in the subject’s body, while the origin of the allocentric coordinate system was in 

the external world outside the subject’s body. We considered three different coordinate systems: one allocentric 

(fixation-point-centered) and two egocentric (eye- and head-centered) coordinate systems. We defined 

fixation-point-centered coordinates as those originating at a fixation point on an external object. Similarly, eye- and 

head-centered coordinates have their origins at the center of an imaginary Cyclopean eye and at the center of the head, 

respectively. These coordinate systems were hypothetically interchangeable if given appropriate information. For 

example, the eye- or fixation-point-centered coordinates could be transformed to head-centered coordinates using the 

two eye positions relative to the head of binocular animals (see Figure 1A). 

The aim of this study was to test which coordinate system was used for the target representation, i.e., egocentric 

eye-centered coordinates or allocentric fixation-point-centered coordinates. To explore this issue, we changed the 

position of the origin on the reference frame of fixation-point-centered coordinates. If a distortion exists in perceptual 

external space (e.g., by the influence of attention), the fixation-point-centered representation of a target could be 

modulated by a fixation-point locations on the screen when the allocentric coordinate system is in use (see Figure 2B). 

We asked the subjects to point a mouse cursor at the location of a memorized target under an eye fixation condition. 

We then analyzed the endpoint errors, which has been reported to occur in the eye fixation condition [2, 3], and 

compared the spatial tendency of the errors for three different fixation points under the following two conditions: the 

fixation-point locations were the same in reference to the eye and screen, but not in reference to the head (i.e., the origin 

position was different for the head-centered coordinates but the same for the eye-centered and fixation-point-centered 

coordinates); and the fixation-point locations were the same in reference to the eye, but not in reference to the screen 

(i.e., the origin position was different for the fixation-point-centered coordinates but the same for the eye-centered and 

head-centered coordinates). Ideally, instead of the first condition, we should have tested the condition in which 

fixation-point locations were the same in reference to the screen, but not to the eye. However, this condition is 

physically impossible because the fixation point is always projected onto the fovea. Thus, the first condition was taken 

up. Under the either condition, if spatial tendencies of the errors are modulated, we can conclude that the targets are 

represented in the head-centered coordinates or fixation-point-centered coordinates. In the case of no modulation under 

the both conditions, it indicates that the targets are unlikely to be represented in the both head-centered coordinates and 

fixation-point-centered coordinates. 

2   Materials and Methods 

2.1   Apparatus 

Each subject sat in a dimly illuminated room facing a vertical computer screen and maneuvered a computer mouse on a 

horizontal board in front of the screen (see Figure 1C). The mouse cursor was used to point to a target on the screen, 

and the position of the mouse was determined by the relative hand position. A chin holder loosely fixed the subject’s 

head, and the center of the subject’s eyes was located approximately 300 mm from the screen. The subject’s gazing 

position was monitored using an online video capturing system (i-rec for Linux; http://staff.aist.go.jp/k.matsuda/eye/) to 

confirm eye fixation. Images of the subject’s pupil were recorded using a CCD camera with a sampling frequency of 60 

Hz, with an infrared LED illuminating the eye. We defined a fixation break as a gaze shift greater than 2° 

(approximately 10mm on the screen) away from the center of the fixation point. For the analysis, we excluded trials 

containing a fixation break. We also excluded trials in which the subjects judged that their eyes had moved away from 

the fixation point. Based on these criteria, 0.0–5.3% of all trials for each subject were discarded. The stability of head 

position was observed online using images from the CCD camera. We cautioned subjects not to move their heads 

because head movement of more than 2° (approximately 10 mm on the screen) prohibited the system from tracking eye 

position. 

2.2   Procedure 

Seven male subjects aged 23–26 years were involved in the study. The participants all gave informed consent and were 

naive to the experimental purpose. All used their right hand (the hand they would normally use) to operate the mouse, 

and all had normal vision and were free of any neurological deficits that could affect vision or eye and hand 

movements. 

Each subject was instructed to point the mouse cursor (white, 5 mm square) as accurately as possible at a target (blue, 

5 mm square). For each task, the subject could take up to 15s to point to the target. When a subject felt satisfied with the 

cursor position, he indicated so by clicking a button on the mouse. The subjects were instructed to face straight ahead 

during the task period. A training task preceded an experimental task to confirm that each subject could accurately point 
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to a target. In the training task, we first asked each subject to point the cursor at a visually presented target without eye 

fixation. In the following experimental task (see Figure 1D), we asked the subject to point to a target while keeping his 

eyes on a fixation point. At the start of each trial, a fixation point (yellow, 2 mm square) appeared on the screen. After 

2s had passed, the target was presented for another 2s, and then turned off. When the color of the fixation point changed 

from yellow to red, the mouse cursor appeared randomly at the bottom right or left side of the screen; the subject then 

began the task of pointing the cursor at the memorized position of the target. The visual stimuli appeared at one of 

seven locations that were aligned horizontally and approximately 30 mm away from each other. In each trial, one 

location was used as the fixation point, and one of the remaining six locations was used as the target. 

In every block, we located the screen in three different positions relative to the subject’s body: in front of the subject 

at the center, right, and left (see Figure 2A). A block consisted of trials involving six targets and three different fixation 

points. In each block, four of the seven subjects performed four trials for each target for each fixation point except the 

following two cases. When the screen was placed on the right or left, only one trial with a target was performed for the 

right or left fixation points. Therefore, the blocks contained 72 trials (4 trials x 6 targets x 3 fixation points) for the 

center screen position and 54 trials (4 trials x 6 targets x 2 fixation points + 1 trial x 6 targets x 1 fixation point) for the 

right or left screen position. For analytical purposes, the remaining three subjects performed three trials with each target 

for each fixation point (total 54 trials). All of the trials were pseudorandomized in each block. Each subject performed 

two blocks for each of the three screen locations. 

3   Results 

We measured the endpoint errors of the cursor locations in relation to the target locations under eye fixation conditions 

and analyzed the spatial properties of these errors. We also compared the error properties for the three fixation-point 

locations on the screen and the three screen locations in relation to the subject’s head. 

 

Fig. 2. (A) Three different screen locations were used. In each case, the distance between the subject and the screen was the same. 

(B) Each fixation point (x) appeared at the center of the screen in a different position relative to the subject’s head. In the left inset, 

the radius of each ellipse corresponds to 2SD of the endpoint distributions at the three locations of the screen: left, center, and right 

(from the top to bottom rows in the inset). The horizontal mean endpoint errors for a fixation point at the left (circles), center 

(triangles), and right (square) in relation to the subject’s head are plotted against the target eccentricity in the right inset. No 

statistically significant difference was observed among the slopes of the regression lines for data corresponding to three different 

fixation point locations in reference to the head. (C) Each fixation point appeared on the midline in relation to the subject’s head, but 

in a different position on the screen. The slopes of the regression lines show a significant difference from the other. 

Subjects were asked to point to a memorized target under eye fixation conditions and performed the task for three 

different fixation points on the screen and three different screen positions (see Figure 2A). The results of a typical 

subject are shown as Figure 2B and 2C. The endpoints tended to shift toward the fixation point (one-tailed test; p < 0.05 

for 25/30 targets). To test the linear correlations between endpoint errors and target eccentricity, we conducted a linear 

regression analysis. For six of the seven subjects, the endpoint errors produced significant regression slopes (p < 0.01). 

We excluded the remaining one subject, who did not show a significant correlation between the endpoint errors and 

target eccentricities, from the following analysis. 
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  The next step was to test which coordinate system was used for the target representation, i.e., egocentric eye centered 

coordinates (the reference frame was on the eye) or allocentric fixation point centered coordinates (the reference frame 

was on the screen). Using the Tukey Kramer multiple comparisons test, we compared the linear relationship of the 

means of the endpoint errors with the target eccentricity by changing the position of origin on the fixation point 

centered and head centered coordinates. 

When the fixation point was shown at three different positions in relation to the subject’s head but at the same 

position on the screen (i.e., the position of the origin was different for the head-centered coordinates but was the same 

for the eye-centered and fixation-point-centered coordinates; Fig. 2B, left), the regression line slopes for data for the 

three different fixation points did not differ significantly (p > 0.05; Fig. 2B and Table 1, Lc–Cc–Rc conditions of 

subject KA). In contrast, when the fixation point was presented at the midline in front of a subject, but with three 

different positions on the screen (i.e., position of the origin was different for the fixation-point-centered coordinates but 

the same for the eye-centered and head-centered coordinates; see Figure 2C), the regression line slope for the fixation 

point at the center of the screen  differed significantly from the slopes for the fixation points on the left or right sides of 

the screen (p < 0.05; see Figure 2C and Table 1, Lr–Cc–Rl conditions of subject KA). Table 1 shows the regression 

slopes and results of the multiple comparisons test for the other five subjects. In two of them, at least one of the 

regression slopes was significantly different from the others (p < 0.05; Table 1, asterisks) when the fixation-point 

locations differed on the screen. Furthermore, for all of the subjects, no significantly differences (p > 0.05) were 

detected in the slopes of the regression lines when the fixation-point locations differed in relation to the subjects’ head. 

For three of the subjects, who performed the same number of trials for the three screen positions, we applied an 

additional analysis. In addition to the center fixation point on the screen (see Figure 2A, a solid ellipse), we also 

compared the slopes of the regression lines for the right or left fixation points at the three different screen locations (see 

Figure 2A, doted ellipses). The slopes of these regression lines also did not differ significantly (p > 0.05). 

Table 1.  Regression slopes of endpoint errors and results of the multiple comparisons test. Abbreviations: For example, Lc 

indicates a case in which the screen is to the left and the fixation point is at the center of the screen. The letters “L” or “l,” “C” or “c,” 

and “R” or “r” represent left, center, and right, respectively. 

conditions ST KS YT KA TK MY 

Lc -0.081 -0.058 -0.055 -0.145 -0.158 -0.045 

Cc -0.100 -0.024 -0.048 -0.149 -0.163 -0.039 

Rc -0.095 -0.029 -0.110 -0.138 -0.111 -0.005 

Lr -0.114 -0.058 -0.063 -0.089 -0.067 -0.066 

Cc -0.100 -0.024 -0.048 -0.149 -0.163 -0.039 

Rl -0.057 -0.043 -0.105 -0.079 0.067 -0.062 

*, p < 0.05; **, p < 0.01.      

4   Discussion 

To determine the coordinate system of target representation in visuospatial memory, we analyzed the endpoint errors of 

the locations of cursors pointing to target locations under eye-fixation conditions. The results showed that the endpoints 

tended to shift toward the fixation point relative to the target location. The size of the endpoint errors for the memorized 

target depended on the target eccentricity from a fixation point, and this dependency was well fitted by a linear 

regression model.  Furthermore, the linear dependencies of the endpoint errors of half the subjects were significantly 

affected by the location of the fixation point in the allocentric coordinate frame but not in the egocentric coordinate 

frame. 

The endpoints shifted toward the fixation point and the size of the errors had linear dependence on the target 

eccentricity. In visuospatial memory, if a target were represented by head- or shoulder-centered coordinates in which 

the target location was independent of the eye position, these errors would have occurred regardless of the 

fixation-point location. Therefore, the results suggest that target representation in the eye-centered or 

fixation-point-centered coordinates, in which the target location was dependent on the eye position, was memorized for 

motor planning. This suggestion is consistent with the arguments of previous studies [2, 3]. However, those studies also 

reported that the endpoint means shifted away from the fixation points. Our experiments could not reveal the 

mechanism regarding the difference in the endpoint shifting directions. However, important distinctions exist between 

our study and previous experiments. Other experiments used a subject’s arm and did not include visual feedback (i.e., 

visually open-loop tasks). Without visual feedback, such studies could have been influenced by execution errors in arm 

movements [4, 5]. 

In the further analysis, the location of the fixation points in relation to the head did not significantly modulate the 

slopes of the regression lines. However, for half of the subjects, the locations of the fixation points on the screen 

significantly modulated the slopes of the regression lines, even though these locations were the same in relation to the 

eye. The supposition that the target location is determined based on an eccentricity of the eye cannot reasonably explain 

these results. A possible alternate explanation is that at least some subjects mapped the target on the 

fixation-point-centered coordinates in allocentric space; in this case, a different frame with the same origin might have 

* ** 

** 

** 
* 
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been used in relation to change in the background scene, i.e., the monitor displacement. The slopes of the regression 

lines were modulated by the position of the screen only in half of the participants. These individual differences are 

possibly caused by a preferential use of an egocentric or allocentric reference frame [6]. Furthermore, the modulation of 

the slopes was not consistent among the subjects. This may be caused by different anchor points for allocentric 

coordinates which are chosen by each subject arbitrarily. Some studies have reported that the visual background affects 

the performance of visually guided motor tasks and can contribute to improve motor accuracy [7, 8]. Thus, the target 

may be represented by a reference in the external space, which is an inference that is consistent with our results. 

Our results suggest that some subjects used the target representation in visuospatial memory in external space. In 

these cases, the target was mapped on the fixation-point-centered coordinates, which were very closely correlated with 

the eye-centered coordinates, but not in absolute space. This kind of target representation could be integrated with 

information on the hand location in external space and could provide a source for calculating an appropriate movement 

vector or hand trajectory in external space [9-11] to generate a motor command. Furthermore, for target localization, an 

eye-centered target representation integrated with other sensory information could provide a source for calculating a 

body-centered (i.e., head- or shoulder-centered) target representation [12-14]. A fixation-point-centered target 

representation could also contribute to the construction of a body-centered target representation because a head-centered 

target position could be calculated from the positions of the eyes and a fixation-point-centered target position. 
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Abstract. This paper presents an analysis of a method to improve the generalization performance of bagging predic-
tions by means of Bayesian approach. We show a formalization of Bayesian prediction using bagging machines for
regression problems, and present a method to reduce the generalization loss. We examine and analyze to show the use-
fulness of the present method via numerical experiments using bagging CAN2 as a bagging machine, where the CAN2
is a neural net for learning efficient piecewise linear approximation of nonlinear functions.

Key words: Improvement of Generalization Performance of Bagging Prediction, Bayesian Approach, Competitive
Associative Nets

1 Introduction

This paper focuses on improving the generalization performance of bagging prediction by means of Bayesian approach.
The bagging (bootstrap aggregating) [1] is basically used for reducing the variance of unstable prediction by a single
learning machine. It employs the arithmetic mean of the predictions by the learning machines which have learned the bags
(bootstrap sample sets, or multisets) whose elements are resampled randomly with replacement from the given training
dataset. Here, in order to improve the generalization performance in regression problems, we investigate the weights of
the predictions from the Bayesian framework [2]. There are several Bayesian approaches related to this problem. One
uses the hyper parameter applicable to several neural networks, such as perceptron and backpropagation networks, where
the norm of the connection weights of the network is supposed to reflect the generalization performance and is used
as the hyper parameter (see [2, 3]). Another uses the Bayesian bootstrap [4] enabling continuous weights of the data in
the bootstrap sample sets instead of discrete weights for ordinary bootstrap, and its application to the bagging is called
Bayesian bagging [5] or Bayesian bootstrap prediction [6],

In this article, we examine a new method [12] for the predictors with no connection weights appropriate for the hyper
parameter. Especially, we analyze the method for competitive associative net called CAN2. Here, the CAN2 is a neural
net for learning an efficient piecewise linear approximation of nonlinear functions (see A for a brief explanation, and
e.g. [11] for details). The effectiveness of the CAN2 is shown in several problems such as control problems, function
approximation, rainfall estimation, time series prediction, and so on [7]-[12]. Recently, we have introduced a method to
improve generalization performance via Bayesian approach in [12], and this paper shows further examination and analysis
of the method.

The remainder of this article is organized as follows; Section 2 formalizes the Bayesian bagging prediction for im-
proving generalization performance. Section 3 examines numerical experiments to show the usefulness.

2 Bayesian Bagging Prediction for Improving Generalization Performance

2.1 Bagging Prediction

Let Dn , {(xi, yi)|i ∈ In} be a given training dataset, where xi , (xi1, xi2, · · · , xik)T and yi denote an input vector
and the target value, respectively, and In , {1, 2, · · · , n}. We suppose the relationship given by

yi , ri + ei = r(xi) + ei, (1)

where ri , r(xi) is a nonlinear function of xi, and ei represents zero-mean noise with the variance σ2
e . Here, suppose

xi (i ∈ In) are independent and identically distributed.
We introduce the bagging as follows; let Dnα],j = {(xi, yi)|i ∈ Inα],j)} be the jth bag (multiset, or bootstrap

sample set) involving nα elements, where the elements in Dnα],j are resampled randomly with replacement from the
given training dataset Dn. Here, α (> 0) indicates the bag size ratio to the given dataset, and j ∈ J bg , {1, 2, · · · , b}.
Here, note that α = 1 is used in many applications (see [13–15]), but we use variable α for improving generalization
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performance (see [11] for the effectiveness and the validity). With multiple learning machines θj (∈ Θbg , {θj |j ∈ J bg})
after learning the bags Dnα],j , the bagging for estimating the target value ri = r(xi) is done by

ŷbg
i , ȳ(xi|Θbg) ≡

〈
ŷj

i

〉
j∈Jbg

≡ 1
b

∑

j∈Jbg

ŷj
i (2)

where ŷj
i , ŷj(xi) denotes the prediction by the jth machine θj which has learned Dnα],j . The angle brackets 〈·〉 indicate

the mean and the subscript j ∈ J bg indicates the range of the mean.

2.2 Bayesian Bagging Prediction

The Bayesian predictive distribution (see e.g. [2]) to predict the output y for an input x is given by

p(y|x, Dn, β) =
∫

p(y|x, θ)p(θ|Dn, β)dθ, (3)

where Dn = {(xi, yi) | i ∈ In} is a given dataset, p(y|x, θ) denotes the predictive distribution of a learning machine θ,
and p(θ|Dn, β) is given by the Gibb’s distribution

p(θ|Dn, β) =
1

Z(Dn)
exp(−βLn(θ)). (4)

Here, Z(Dn) is the normalization coefficient, β is a constant called inverse temperature, and Ln(θ) is the energy given
by the empirical loss or the MSE (mean square error) of the predictions ŷj

i by the machine θ = θj for Dn = {(xi, yi)|i ∈
In},

Ln(θj) ,
〈(

ŷj
i − yi

)2
〉

i∈In

. (5)

Here, note that Eq.(4) is derived from various aspects and one of them is descrived as follows; consider a set of learning
(bagging) machines θ = θj (j ∈ J bg

∞), where J bg
∞ indicates the index set involving infinite number of elements. Then, the

probability p(θ|Dn, β) fulfills
∫

p(θ|Dn, β)dθ = 1, and the mean of the energy Ln(θ) is supposed to have a certain value
as

Ln(Θbg
∞) =

∫
Ln(θ)p(θ|Dn, β)dθ (6)

Then, the information entropy S , − ∫
p(θ|Dn, β) log p(θ|Dn, β)dθ is maximized with the distribution given by Eq.(4).

Here, β is the Lagrange multiplier for the condition Eq.(6), which means that Ln(Θbg
∞) corresponds to β, or Ln(Θbg

∞) is
determined by β, and vice versa. Note that the maximization of the entropy for a probabilistic dynamical system indicates
an optimization for obtaining the equilibrium state for a given inverse temperature β. As we can see below, tuning of β
for improving the generalization performance seems to be related to some conditions for stable equilibrium state.

2.3 Metropolis Method Using Bagging Machines

The integration of Eq.(3) is obtained by the following steps (Metropolis method) using the set of bagging machines
Θbg , {θj |j ∈ J bg = {1, 2, · · · , b}} :

1. Set j = 0, and θj = θ0 = argmin
θ∈Θbg

p(θ|Dn, β).

2. Generate a random value ε ∈ [0, 1], and set

θj+1 :=
{

θj if ε < p(θj |Dn, β)/p(θj |Dn, β)
θj otherwise

3. Set j := j + 1, and go to step 2.

Then, the distribution of the obtained θj (j = 1, 2, · · · ) converges to p(θ|Dn, β)2. Thus, the expectation of the Bayesian
predictive distribution is given by

ȳ(xi|Θbs
β) ≡

〈
ŷ

j(β,t)
i

〉
t∈Jbs

'
∫∫

Θbs
β

p(y|x, θ)p(θ|Dn, β)dθdy, (7)

where ŷ
j(β,t)
i is the prediction for the input xi by the j(β, t)-th bagging machine θj(β,t) = θt, and Θbs

β , {θj(β,t) = θt|t ∈
J bs}.

2 The above steps are regarded of the Metropolis method considering only the space of the bagging machines as the integral variable
space because θj’s corresponding to the bags Dnα],j generated randomly are used.

47

Volume 12, No. 1 Australian Journal of Intelligent Information Processing Systems



2.4 Generalization Loss

To estimate the generalization performance, we use the MSE loss Ltst(Θbs
β), where

Ltst(Θ) ,
〈
(ȳ(xi|Θ)− yi)2

〉
i∈I tst . (8)

denotes the MSE of the prediction ȳ(xi|Θ) for the test dataset Dtst = {(xi, yi)|i ∈ I tst}. In other words, the objective of
generalization is to predict not the output value yi = r(xi) + ei but the function value ri = r(xi) for (xi, yi) ∈ Dtst.
The above generalization loss is different from the one defined by the Kullback-Leibler (KL) distance [2] because of the
following reasons:

(i) The KL distance is a difference measure of both the mean (expectation) and the shape of two distributions, where the
former is achieved by minimizing the loss given by Eq.(8).

(ii) When the learning machines θ ∈ Θbs
β do not involve the true model, it is difficult to tune the shape of the Bayesian

distribution with only tuning the parameter β in Eq.(4) because the shape of p(y|x, θ) depends on θ. Incidentally, in
practice for regression problems, we can obtain the shape of the distribution after tuning the mean of the distribution
as we have done successfully at the predictive uncertaity challenge at NIPS2004[10].

2.5 Skew for Selecting the Inverse Temperature

For a test dataset Dtst = {(xi, yi)|i ∈ I tst} with unknown output value yi, we have to select β to have the Bayesian
generalization loss Ltst(Θbs

β) smaller than the bagging one Ltst(Θbg). To do this, we select β = β̂ which minimizes the
absolute value of the skew, |S tst(Θbs

β)|, where the skew is given by

S tst(Θbs
β) ,

〈
ε3it

〉
t∈Jbs,i∈I tst

(
〈ε2it〉t∈Jbs,i∈I tst

)3/2
, (9)

for the deviations εit , ŷ
j(β,t)
i −

〈
ŷ

j(β,t)
i

〉
tbs

of the predictions ŷ
j(β,t)
i (t ∈ J bs) to the test input data xi (i ∈ I tst).

Note that the absolute skew |S tst(Θbs
β)| for selecting β has been the best measure among the ones which we have tried

in the numerical experiments shown below (see the second paragraph in 3.4 for details ). The validity of this strategy
is considered as follos: First, assuming a training dataset Dni = {(xi, yil) | yil = r(xi) + eil, l ∈ Ini}, the MSE〈
(ŷj

i − yil)2
〉

for the data in a bag Dniα
],j = {(xi, yil)|l ∈ Iniα

],j} resampled with replacement from Dni is minimized

by the mean ŷj
i = 〈yil〉l∈Iniα],j . Then, from the central limit theorem, the distribution of ŷj

i (j ∈ J bg) becomes Gaussian
given by N(r(xi), σ2

e/(niα)) for a large niα, where σ2
e is the variance of the zero-mean noise eil. Furthermore, for

Dn = {(xi, yil) | l = 1, 2, · · · , ni; i = 1, 2, · · · } with dense xi and a large niα, the predictions ŷj
i for j ∈ J bg are

expected to follow Gaussian distribution N(r(xi), σ2
e/(niα)) for each xi. In other words, we can expect that the bagging

with very large n indicating dense xi and large niα achives the correctly generalized mean prediction ŷ = r(x) with
Gaussian distribution of ŷj

i (j ∈ J bg) for each x = xi. On the other hand, for a small n, we cannot expect Gaussian
distribution. Assuming test data (xi, yi) ∈ Dtst are i.i.d. (independent identically distributed) with training data, the
predictive distribution for test data is supposed to have the same property as above. Here, since the skew of Gaussian
distribution is zero, we can see that the above strategy to minimize |S tst(Θbs

β)| is for the Bayesian predictive distribution to
keep a consistency with the Gaussian distribution which is ideal for large n. Thus, the strategy is expected to work well
for asymptotically large n, while we also adopt it for small n from the point of view of consistency. Moreover, |S tst(Θbs

β)|
can be reduced by tuning β, while the kurtosis as another characteristic of the Gaussian distribution cannot be reduced by
tuning β (see 3.4).

3 Numerical Experiments and Remarks

3.1 Target Function and Datasets

We have applied the present method to the target function given by r(x) = sin(5x) + sin(15x) + sin(25x) used in [11]
(see Fig. 1(a)). We have prepared multiple training datasets Dn = {(xi, yi) | yi = r(xi) + ei, i ∈ In} for different n as
shown below, where the input xi is generated randomly in the region [0, 1], and ei is sampled from a Gaussian distribution
N(0, σ2

e = 0.04). The test dataset Dtst = {(xi, yi) | yi = i ∈ I tst} is generated for xi = i/1000 for i = 0, 1, 2, · · · , 999.
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Fig. 1. (a) Target function y = r(x) and test data yi = r(xi)+ei. (b) Ltst(Θbg) vs. b for n = 20, where sbg shows the seed for the random
generator used in the bagging resampling. (c) Example of the prediction by the bagging CAN2 (ŷbg

i ; thin line; Ltst(Θbg) = 0.4726) and
the Bayesian bagging CAN2 (ŷbs

i ; medium-thick line; Ltst(Θbs
β̂
) = 0.3443) for n = 20 and b = 5000.

Table 1. Ltst(Θbg), Ltst(Θbs
β̂
) and Ltst(Θbs

β∗) for different n an b. Here, β̂ and β∗ of Ltst(Θbs
β̂
) and Ltst(Θbs

β∗), respectively, are obtained
before and after the test output values yi of (xi, yi) ∈ Dtst are known. The value in the square bracket [·] indicates nβ for β =
nβ/

〈
2Ln(θj)

〉
j∈Jbs . The unit of ηI = (Ltst(Θbg)− Ltst(Θbs

β̂
))/Ltst(Θbg) is [%], and that of the losses is [10−2].

b = 300 b = 5000

n N ob αob Ltst(Θbg) Ltst(Θbs
β̂
) ηI Ltst(Θbs

β∗) Ltst(Θbg) Ltst(Θbs
β̂
) ηI Ltst(Θbs

β∗)

1000 35 0.2 4.179 4.195 [6] −0.38 4.174 [2] 4.171 4.173 [ 4] −0.04 4.171 [ 0]
500 25 0.3 4.372 4.408 [6] −0.82 4.353 [5] 4.384 4.391 [ 4] −0.15 4.383 [ 1]
400 25 0.3 4.390 4.373 [5] 0.38 4.365 [4] 4.362 4.362 [ 0] 0.00 4.347 [ 3]
200 26 0.5 4.654 4.652 [1] 0.04 4.644 [2] 4.644 4.644 [ 3] 0.00 4.635 [ 5]
160 19 0.6 4.851 4.771 [1] 1.64 4.771 [1] 4.920 4.834 [ 7] 1.74 4.799 [ 8]
150 20 0.7 5.012 4.884 [5] 2.55 4.880 [6] 4.955 4.872 [6] 1.68 4.837 [13]
100 20 2.0 5.593 5.560 [1] 0.59 5.560 [1] 5.640 5.642 [ 1] −0.03 5.640 [ 0]
90 17 1.0 5.877 5.877 [0] 0.0 5.814 [6] 5.737 5.737 [ 0] 0.00 5.698 [ 5]
80 17 1.0 5.927 5.743 [3] 3.10 5.620 [2] 6.064 5.977 [ 1] 1.43 5.902 [ 2]
70 15 1.5 7.112 7.498 [7] −5.42 7.112 [0] 7.096 7.130 [ 4] −0.47 7.089 [ 2]
60 19 1.3 8.645 7.939 [3] 8.16 7.939 [2] 8.908 8.001 [ 7] 10.18 7.935 [ 5]
50 18 2.0 9.286 9.245 [5] 0.44 8.871 [2] 9.458 8.975 [ 1] 5.10 8.915 [ 2]
40 16 3.0 9.082 9.151 [4] −0.75 8.937 [1] 8.905 8.705 [ 1] 2.24 8.705 [ 1]
30 15 3.0 14.28 14.53 [6] −1.75 14.02 [2] 14.49 14.31 [ 5] 1.24 14.20 [ 2]
20 19 1.0 45.06 35.89 [4] 20.35 35.89 [4] 47.26 34.43 [15] 27.14 33.58 [17]
10 1 0.3 138.0 134.2 [2] 2.75 134.2 [2] 140.0 137.2 [ 6] 2.14 136.3 [ 2]

3.2 Bagging CAN2 and Parameters

For a bagging machine, we use the bagging CAN2 which is obtained by simply applying the bagging method shown
in 2.1 to the CAN2 shown in A (see [11] for details). The bagging CAN2 has two main parameters θ = (N, α) to be
determined for improving generalization performance, where N is the number of units of the CAN2, and α is the bag size
ratio. We use the parameter values θ = (N ob, αob) obtained by the out-of-bag estimation, where the effectiveness of this
strategy is analyzed and examined in [11] in detail. The values (N ob, αob) are obtained for each training dataset Dn and the
number of bags being b = 300. We have used b = 300 in [11] because we have had increasing generalization losses for
increasing training dataset size n = 10, 20, · · · , without some exceptions, which is enough for showing the effectiveness
of the out-of-bag estimation. However, in this research, we examine Ltst(Θbg) vs. b as shown in Fig. 1(b), which indicates
that b = 300 is not big enough for Ltst(Θbg) to have stable values. The stability seems to be necessary for the present
Bayesian method as shown below.

3.3 Reduction of Generalization Losses

We show an example of the predictions by the bagging CAN2 and the Bayesian bagging CAN2 for n = 20 and b = 5000
in Fig. 1(c). We can see that the generalization loss of the bagging CAN2 is reduced by the Bayesian bagging CAN2,
or Ltst(Θbg) > Ltst(Θbs

β̂
). Here, β̂ indicates the selected β which has achieved the minimum absolute skew |S tst(Θbs

β)| with

β = nβ/
〈
2Ln(θj)

〉
j∈Jbs for nβ = 0, 1, 2, · · · .

We show a summary of Ltst(Θbg) and Ltst(Θbs

β̂
) for different n and b in Table 1. From the table, the improvement of

the generalization loss by the Bayesian bagging CAN2 from the bagging CAN2, or the positive value of the improvement
ratio ηI = (Ltst(Θbg) − Ltst(Θbs

β̂
))/Ltst(Θbg) is observed in not all but many cases. We can see that ηI with negative value

has small absolute value |ηI | below 1% for b = 5000, while it has larger value for b = 300. We can also see that ηI tends
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to be larger for smaller n. From these points of view, the present method with b = 5000 for small n seems to be useful for
obtaining a safer and bigger improvement of generalization performance.

3.4 Remarks

One of the difficulties to have the above result is that the method with b = 300 sometimes provides smaller generalization
losses than with b = 5000, while it sometimes exhibits large negative improvement ratios as if it is a result of inevitable
stochastic variation. However, by means of examining the relation of Ltst(Θbg) vs. b for several n as shown in Fig. 1(b),
we can see that the method with b = 5000 can reduce the variance and avoid big negative improvement ratios.

Another difficulty is that the skew may not be the best measure to select β for improving the generalization perfor-
mance. In stead of the skew, we have tried to use the out-of-bag loss which has been shown effective for improving the
generalization performance for the bagging CAN2 (see [11]). However, we have found that it is not useful for the present
Bayesian bagging CAN2 because it decreases monotonically with the increase of β. We have also examined the kurtosis
and the value takes about 9 to 13 for the above examples with b = 5000 while the value is 0 for the Gaussian distribution.
As a result, we cannot use the kurtosis for tuning β.

Incidentally, so far, the CAN2 and the bagging CAN2 have shown good generalization performance in several com-
petitions for rainfall estimation [7], time-series prediction [8], uncertainty prediction [10] and so on, where we can use
sufficient number, n, of training data. Thus, the above result of the present method indicates an unusefulness at those
competitions. However, we think there are many problems whose generalization performance is hard to be evaluated with
small n. We would like to apply the present method to such problems.

4 Conclusion

We have presented a method for improving the generalization performance of the bagging predictions by means of
Bayesian approach. We have formalized the Bayesian bagging prediction for regression problems, and shown a method to
reduce the generalization loss defined by the MSE of the predictions for a test data. We have examined and analyzed the
usefulness via numerical experiments using the bagging CAN2. In our future research studies, we would like to examine
the effectiveness for other learning machines, such as MLP (multi-layer perceptron) and other neural networks.

This work was partially supported by the Grant-in Aid for Scientific Research (C) 21500217 of the Japanese Ministry
of Education, Science, Sports and Culture.
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Appendix

A CAN2

A (single) CAN2 has N units. The jth unit has a weight vector wj , (wj1, · · · , wjk)T ∈ Rk×1 and an associative matrix
(or a row vector) M j , (Mj0,Mj1, · · · ,Mjk) ∈ R1×(k+1) for j ∈ IN , {1, 2, · · · , N}. The CAN2 after learning the
training dataset Dn = {(xi, yi)|yi = r(xi)+ei, i ∈ In} approximates the target function r(xi) by ŷi = ỹc(i) = M c(i)x̃i,

where x̃i , (1,xT
i )T ∈ R(k+1)×1 denotes the (extended) input vector to the CAN2, and ỹc(i) = M c(i)x̃i is the output

value of the c(i)th unit of the CAN2. The index c(i) indicates the unit who has the weight vector wc(i) closest to the
input vector xi, or c(i) , argmin

j∈IN

‖xi − wj‖. The above function approximation partitions the input space V ∈ Rk

into the Voronoi (or Dirichlet) regions Vj , {x ∣∣ j = argmin
i∈IN

‖x − wi‖} for j ∈ IN , and performs piecewise linear

approximation of the function r(x).
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